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Abstract

Computerized spreadsheets are tremendously popular and useful. Despite their suc-

cess, computerized spreadsheet systems today have significant and unnecessary re-

strictions that limit their usefulness. One significant restriction is that the formulas

used to specify calculations must be functions. Another unnecessary restriction is

that propagation can only occur in one direction. We can lift these restrictions, al-

lowing for many-to-many logical constraints and multidirectional propagation. We

call such a spreadsheet a logical spreadsheet.

We allow for inconsistency between the constraints of the spreadsheet. To allow

for the consequences of the spreadsheet to be shown, we create a new paraconsistent

entailment relation and show how it can be computed.

We discuss the issues involved in updating a logical spreadsheet, and design a

family of domain-independent update operators for updating logical spreadsheets. To

allow for domain-dependent behavior, we design a logic called Markov Change Logic

that can be used to express update policies for spreadsheets. The design of Markov

Change Logic is motivated in part by an analysis of dynamic database constraints,

in which we prove that all database constraints can be reduced to Markov dynamic

constraints if the schema may be reformulated.

We describe the implementation of a logical spreadsheet engine called Webcell

which can be used to turn Web pages into logical spreadsheets, and discuss its appli-

cation to the Stanford Computer Science Master’s Program Sheets.
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Preface

My work on logical spreadsheets began in 2002, when I joined Michael Genesereth as

a research assistant during my master’s degree. The idea of a logical spreadsheet -

a spreadsheet with logical formulas instead of mathematical ones - was an idea that

had been gestating in his mind since the introduction of spreadsheets. He had many

such interesting ideas, but this was the one that resonated with me the most.

The name “logical spreadsheets” is somewhat misleading. A spreadsheet is a grid

of cells, but logical spreadsheets need not be grid of cells. They can consist of an

arbitrary set of cells, not necessarily laid out on a grid, that are related by logical

formulae. Indeed, for several years we spent our e↵orts on logical spreadsheets that

either extended traditional electronic spreadsheet systems like Microsoft Excel or were

desktop applications inspired by traditional spreadsheets. At some point, we decided

that our e↵orts were better spent on applying logical spreadsheet technology to forms,

and in particular, Web forms. We decided to keep the same “logical spreadsheets”

despite this as the name seemed to inspire an enthusiastic response from people and

help them quickly understand what our technology did.
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Chapter 1

Introduction

Computerized spreadsheets are a great success. They are often touted in newspapers

and magazine articles as the first “killer app” for personal computers. Over the years,

they have proven their worth time and again. Today, they are used for managing en-

terprises of all sorts - from one-person projects to multi-institutional conglomerates.

Their applications range from financial planning to scientific data analysis to main-

taining shopping lists.

The power of computerized spreadsheets derives in large part from two primary

features - the automatic calculation of the values by spreadsheets and the use of

mathematical formulas to specify those calculations.

The automatic calculation of values frees the user from the tedious task of doing

those calculations manually. The automatic recalculation of values upon changes to

the spreadsheet allows for easy “what if” analyses. Once the initial formulas are

entered, exploring di↵erent scenarios is as simple as changing the initial parameters.

This power is easy to take for granted, but consider that before electronic spreadsheets

existed calculations were carried out on paper spreadsheets. If one wanted to change

assumptions, or if an error was detected early in the computation, then all of the

computation would have to be carried out again.

The support for mathematical formulas simplifies the task of setting up the calcu-

lations and makes spreadsheet technology accessible to a broad class of users, includ-

ing those with no background in programming. This ease-of-use derives largely from

1



CHAPTER 1. INTRODUCTION 2

the fact that spreadsheets are programmed using familiar mathematical notation,

such as C1=A1+B1. Furthermore, unlike a traditional programming environment,

all of the intermediate computation steps are displayed for the programmer. Pro-

gramming a spreadsheet is like being in “debug mode” all the time, where one can

see all computation steps at once.

Despite their successes, computerized spreadsheet systems today have significant

and unnecessary restrictions that limit their usefulness. One significant restriction is

that the formulas used to specify calculations must be functions. Spreadsheet systems

generally do not provide the ability to encode many-to-many relationships across cell

values. For example, one cannot say that the values in cells A1 and A2 are di↵erent.

Another unnecessary restriction is that propagation can only occur in one direction

in a traditional spreadsheet. For example, if one defines B2=B1, then one can specify

a value for B1 and B2 will obtain that same value, but one cannot then assign a value

to B2 and expect B1 to obtain that value as well, even though the cells have equal

values.

If these restrictions are lifted, then spreadsheets gain additional utility. Consider,

for example, the following spreadsheet that allows for the creation of an event. This

spreadsheet has four cells, which allow for the specification of the event’s name, start

time, end time, and duration (Figure 1.1). The spreadsheet also has some formulae

(not shown), which specify that “the end time must be after the start time” and that

“the start time plus the duration equals the end time.” Note that the first formula is

many-to-many and that the second formula determines each of the start time / end

time / duration cells in terms of the other two. Thus, if the user were to specify 1:00

pm as the start time of the Logic Group Meeting (Figure 1.2) and 3:00 pm as the end

time, then the duration can be automatically filled in as 2 hours (Figure 1.3a). Or,

since the system can propagate values in any direction, the user could instead specify

the start time to be 1:00 pm and the duration to be 2 hours and have the end time

automatically filled in as 3:00 pm (Figure 1.3b). Similarly, the user could first fill in

the duration to be 2 hours and the end time to be 3:00 pm, and have the start time

automatically filled in as 1:00 pm (not shown).
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Figure 1.1: Creating an event. (1) The user first sets the title for the event. (2) The
user then sets the start time for the event to 1:00 pm. (3a) In one scenario, the user
then sets the end time for the event to 3:00pm. The duration is then automatically
filled in as 2 hours. (3b) In an alternate scenario, the user instead chooses the duration
of the event to be 2 hours. The end time of the event is then automatically filled in
as 3:00 pm.
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To allow for many-to-many relationships to be expressed between cells, we gener-

alize the spreadsheet formula language from arithmetic function definitions to logical

formulae. For example, we might formalize the constraint “the end time must be

after the start time” by the rule startT ime(S) ^ endT ime(E) =) after(E, S). A

logical spreadsheet is a spreadsheet in which the formula language consists of logical

formulae.

1.1 Applications

While traditional spreadsheets were built to perform mathematical calculations, log-

ical spreadsheets are ideal for handling symbolic data. Some broad applications are

as follows.

Smart Forms. A smart form is a logical spreadsheet with an HTML front end

that allows users to fill out online forms in which data is checked for semantic well-

formedness and fields are filled in automatically when possible. For example, consider

an airline travel site that requires “the number of lap infants traveling must not be

greater than the number of adults.”

Design and Configuration. For example, a configuration system to help consumers

design their own cars with the constraint “if the car’s exterior color is blue, then

the car interior color may be gray, tan or black.” Another example is of a student

designing his course schedule which has the constraint “students must take at least 2

math courses to graduate.” A third example is of a room management system with

the constraint “only senior managers can reserve the third floor conference room.”

Interactive Documents. Systems can return “interactive answers” to users, which

allow a user to experiment by varying certain parameters while the system auto-

matically propagates the consequences of those variations. For example, a logical

spreadsheet used by an insurance agent to determine if a client is eligible for a partic-

ular kind of insurance. Such a spreadsheet could have rules like “insurance applicants

who make at least $60,000 and are under 50 years old are approved.” An interac-

tive document allows one to perform the “what if” analyses that spreadsheets are
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scheduleT,R(E), event.timeE(T) ^ event.roomE(R)

event.projectionE(yes) ^ event.roomE(R)) room.projectorR(yes)

event.ownerE(P) ^ person.facultyP(no)) ¬event.roomE(g100)

Figure 1.2: Constraint schemas for the room manager. Schema variables are shown
in boldface. Subscripts and dots have no semantic meaning and are simply used
to name all of the spreadsheet cells in a consistent fashion. There are four schema
variables - E, T, R, and P. E ranges over events, T ranges over times, R ranges
over rooms, and P ranges over people. Each constraint schema represents a number
of constraints, one for each grounding of the schema variables. For example, one
grounding of the second constraint is event.projection

e1(yes)^event.roome1(g100))
room.projector

g100(yes). The first constraint schema relates the schedule table to the
event table, i.e. when an event is assigned to a room and a time in one table it must
also assigned to the same room and time in the other table. The second states
that events that require a projector must be scheduled in a rooms with a projector.
The third states that only faculty members can reserve room g100. Not shown are
the single-value constraints, which declare that, for each cell p in the spreadsheet,
p(X) ^ p(Y )) X = Y.

famous for, although there need not be a distinction between the cells used as input

parameters and the cells used to output results.

1.2 Example

We illustrate our approach using a room management system as an example. The

room manager consists of four tables, shown schematically in Figure 1.3. The top

table contains event requests, each of which has an owner, a specification of whether

a projector is needed, a room, and a time. The center table contains a schedule of

the events. The information is redundant with the first table but is useful because

it o↵ers a di↵erent view. The bottom-left table lists whether or not each room has

a projector. The bottom-right table lists whether each person is a faculty member

or not. To distinguish base data from computed data, we will place a triangle in the

upper left-hand corner of a cell containing base data.

This spreadsheet has several constraints, which are represented concisely in Fig-

ure 1.2 using constraint schemas. Each of these schemas represents a number of
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Figure 1.3: After creating three events Figure 1.4: After scheduling e1

constraints, one for each grounding (i.e. replacement of constants for variables) of

the schema variables. The first of these constraint schemas relates the event table to

the schedule table. The second states that events that require a projector must be

scheduled in a room with a projector. The third states that only faculty members

can reserve room g100.

The spreadsheet also has constraints that state that each of the cells can contain at

most one value. For each cell p in the spreadsheet, there is a constraint p(X)^p(Y ))
X = Y. These constraints are generated automatically by the system.

We consider a room administrator whose task is to assign three new events a room

and a time. The administrator starts with an empty schedule table and event table.

She creates three new events in the event table and, for each, fills in the event owner’s

name and whether a projector is needed (Figure 1.3).

The administrator then selects g100 as the room for event e1 and morning as the

time for e1 in the event table, causing e1 to show up in the corresponding cell in

the schedule table (Figure 1.4). The administrator then assigns e2 to g200 in the

afternoon by modifying the schedule table directly, causing the corresponding values

to appear in the event table. This leads to the state shown in Figure 1.5. This

illustrates our system’s ability to do propagation in multiple directions.
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Figure 1.5: After scheduling e2
Figure 1.6: After moving e1 to the
evening

Next, the administrator assigns e1 to g100 in the evening by modifying the sched-

ule table, which directly conflicts with its current assignment to g100 in the morning.

This results in e1’s time being changed to the evening in the event table and being

removed from the morning slot in the schedule table (Figure 1.6). This illustrates

how the update algorithm deals with direct conflicts.

The administrator then sets the room assignment for e3 to g200. Since e3 requires

a projector but g200 lacks a projector, this leads to a conflict. As shown in Figure

1.7, our system marks the conflicting cells in red. Note that in this case, a conflict

between multiple cells, there is no automatic resolution of the conflict, in contrast to

when the conflict is between two cells. Chapter 3 explains why this is so.

The administrator does not have to resolve the conflict immediately. She instead

proceeds to change e2’s room to g100. This leads to yet another conflict, since Bob

is not a faculty member and only faculty members can reserve g100. At this point,

there are six cells colored red. So that the user can distinguish between the di↵erent

sources of conflict, the values involved in the conflict are highlighted when the mouse

pointer is placed over a conflicted value (Figure 1.8).

The administrator next sets the time of e3 to the morning. The event e3 then
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Figure 1.7: Spreadsheet with inconsis-
tency

Figure 1.8: Distinguishing between
conflicts

appears in the schedule table, as shown in Figure 1.9. Finally, the administrator

moves the projector from g100 into g200 (by setting the g200 projector cell to yes

and the g100 projector cell to no) and places e2 in g200 in the afternoon, removing

the conflicts and resulting in a complete assignment to all events (Figure 1.10).

1.3 Related Systems

To place our work in its historical context, we review past work on logical spreadsheets

and explain how this thesis diverges from previous systems. Our presentation is

adapted from [34].

1.3.1 Electronic Spreadsheets

The world’s first electronic spreadsheet, VisiCalc, was created by Dan Bricklin and

Bob Frankston in 1979. The spreadsheet was widely regarded as the “killer app” for

personal computers. It managed to hit a sweet spot between usability and functional-

ity - millions of users with no formal training in programming were suddenly enabled

to create custom applications of their own.
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Figure 1.9: Showing consequences un-
der inconsistency

Figure 1.10: A completed spreadsheet

Today, the spreadsheet remains as popular as ever. In 2001 there were an esti-

mated 45 million end users of spreadsheets or databases in the United States alone,

representing 60% of the American workforce [49], and this number is rising.

Spreadsheets do one thing and they do it well, which is to perform mathematical

computations. While spreadsheets do have built-in Boolean functions and conditional

functions, it is clear that they were not designed to support logical reasoning. In

modern commercial spreadsheets, exemplified by Microsoft Excel, logical functions

have an inelegant syntax and editing tools. Worse, the logical reasoning allowed is

quite limited - there are no unification routines, negation-as-failure capabilities, etc.

1.3.2 Logical Spreadsheets

LogiCalc [37] was the first logical spreadsheet. It was developed by Frank Kriwazek

at Imperial College in the early 1980’s as part of his Master’s thesis work. In Logi-

Calc, spreadsheet formulas were written using traditional spreadsheet syntax, but are

translated internally to Prolog rules. For example, if C2 is defined as B2 + B3, then

the following rule would be created:
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has-definition("C2",X)

if has-value("B2", Y)

and has-value("B7", Z)

and X = Y + Z

LogiCalc allowed regions of the spreadsheet to be saved as database relations and

then queried. The queries were restricted to be conjunctive, for example:

which((Y,Z): father-of("Bob", Y) and friend-of(Y,Z))

The user could either display all solutions to a query by filling a column of the

spreadsheet or by displaying a single solution to the query in a cell and then cycling

through the answers. Tuples were held in a single cell, as opposed to displaying each

component of a tuple in a separate column.

LogiCalc also allowed database tables to define functions. For example, given

facts of the form:

father-of("Bob", "Dan")

father-of("Art", "Cal")

father-of("Art", "Coe")

One could define a new function, @father-of, that mapped children to their fa-

thers. These functions can be incorporated into spreadsheet formulae, such as:

A3 = @age-of(@father-of(B3))

The idea of using a spreadsheet as an interactive constraint solver dates back to

LogiCalc. Users could specify constraints over cells, for example:

profession-of(A1, "barber")

father-of(A1,A2)
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father-of(A2,A3)

father-of(A3,A4)

Given no assignments to the cells A1-A4, LogiCalc would fill the cells with values

that satisfied the constraints. The user could then choose to cycle through all such

satisfying combinations of values, or he could stick with one or more of the values

and cycle through the rest. The user also had the ability to declare that a cell either

have some given value or that it is not allowed to take a given value.

This interactive constraint solving capability was improved upon by van Emden et

al. [54], whose system allowed for previous computation to be reused when a adnew

constraint was incrementally added.

The constraints allowed in LogiCalc and van Emden’s system were quite simple

by Prolog standards. They consisted of a single conjunction of conditions, which is

what can be expressed by a single Prolog rule. However, Prolog itself allows for a set

of rules to be defined (which allows for disjunctive conditions), and furthermore, the

rules may be recursive.

PERPLEX [51], allowed for new constraints to be defined in terms of old ones,

using Prolog rules. Like its predecessors, PERPLEX allowed constraints to be defined

using database relations. It also allowed for constraints based on built-in predicates,

which could handle operations like arithmetic, string concatenation, etc. Each built-in

predicate had a set of legal input-output modes, which identified each argument of the

predicate as either accepting input or producing output. For example, the add pred-

icate (where add(A1 A2 A3) means that A1+A2=A3), had four input-output modes,

namely (in in out), (in out in), (out in in), and (in in in). Constraint propagation

was done by finding a constraint with all the input parameters for one input-output

mode supplied, computing the outputs, and repeating. For user-defined predicates

specified using Prolog rules, the set of legal input-output modes was automatically

computed.

PERPLEX’s handling of numerical constraints was simple but incomplete. For

example, consider the constraint +(A1 A1 2). Though A1 must equal 1, PERPLEX

cannot determine this. Something more sophisticated than input-output modes is
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required to solve this constraint, since adding the input-output mode (out out in) will

also trigger propagation when +(A1 B1 2) is given, which is not solvable. Similarly,

consider constraints A2�2 and A22. In this case, it must be that A2 = 2, but the

constraints must be considered together to determine this, which PERPLEX does not

do.

A generalization of logic programming called constraint logic programming allows

for sophisticated numerical and symbolic constraint solving. While the most basic

operation in logic programming is unification, in constraint logic programming, uni-

fication is replaced by constraint propagation, of which unification is a special case.

There are many flavors of constraint propagation; in particular there are versions

which can handle linear constraints over real numbers, or over finite domains.

Knowledgesheet [26] is a logical spreadsheet with a finite domain constraint logic

programming engine as its constraint solver, developed in the late 1990’s. In Knowl-

edgesheet, the user assigns constraints over the cells, and associates each cell with

a finite domain. The user may also assign values to cells. Once satisfied with the

constraints, the user presses a “solve” button, at which time the constraints are com-

piled into a constraint logic program and solved, resulting in the rest of the cells being

assigned values if a solution exists. The Knowledgesheet approach is di↵erent than

the previously described systems in that propagation does not occur automatically as

values are assigned to cells and constraints are created and removed. This behavior

is desirable for large problems which may take minutes or longer to solve.

A logical spreadsheet system with similar capabilities to Knowledgesheet is Cs-

Solver [21]. As opposed to using a logic programming engine to solve constraints,

however, a constraint programming engine is used. In addition to finding a solution

that simply satisfies the constraints, CsSolver also allows the user to specify an

optimization function and find an optimal solution.

There has been a recent flurry in activity around extending Microsoft Excel with

logical capabilities. NEXCEL [11], LESS [53], XcelLog [46], and the unnamed system

of Waltzman et al. [52]. In all four of these systems, the tabular format, the immediate

feedback that users receive when changing a value or a formula, and the familiar

graphical user interface elements of current commercial spreadsheet systems are all
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preserved. Furthermore, in all cases the formula language is a conservative extension

of the traditional language that users have come to expect from spreadsheet systems.

Finally, in all cases the behavior of the spreadsheet is a simple extension of current

behavior, namely that the formulas partition the cells into input cells and output

cells, where the output cells are a function of the input cells.

The important di↵erence between these previous systems and our logical spread-

sheets is the way in which updates are preformed. In particular, previous systems do

not allow for the spreadsheet data to be inconsistent with the constraints. This is

disallowed either implicitly (as in systems that do not allow for many-to-many con-

straints but only definitional formulae), or explicitly (as in systems that will reject

updates that will result in an inconsistency). In addition, our logical spreadsheets

allow for the administrator to modify the way that logical spreadsheets are updated

via a declarative update language, a feature which is not found in previous logical

spreadsheet systems.

A summary of the di↵erent logical spreadsheet systems is given in Table 1.1.

1.4 Contributions of this Thesis

This thesis is concerned with the issues surrounding the update of logical spread-

sheets. As logical spreadsheets are special cases of databases, the methods presented

here are often applicable to databases as well, although the single-valued nature of

spreadsheets at times simplifies and at times complicates matters compared to the

general database case.

We begin by introducing a domain-independent update semantics for logical spread-

sheets, which is determined by the constraints. Unlike previous approaches to database

updates, our update semantics allows for inconsistency between the values in the

spreadsheet and the constraints. Due to this inconsistency, we are not able to use

traditional logical entailment to determine the consequences of the spreadsheet val-

ues. Thus, we introduce a new paraconsistent entailment relation called existential

⌦-entailment that we use in place of traditional logical entailment. We give an algo-

rithm for computing the existentially ⌦-entailed values in our spreadsheet.
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Table 1.1: Logical Spreadsheet Systems
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LogiCalc [37] x x Logical rules and constraints 1985
van Emden et al. [54] x x Less recomputation 1986
PERPLEX [51] x x Numerical Constraints 1989
Knowledgesheet [26] x x Constraint Logic Programming Solver 2000
NEXCEL [11] Recursively defined views 2007
LESS [53] PowerLoom [12] integration 2007
XcelLog [46] Multi-valued cells 2007
Waltzman et al. [52] Triple-based reasoning 2007
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It is sometimes desirable to modify the domain-independent update semantics to

accommodate some domain-specific behaviors. To achieve this, we introduce a logic

called Markov Change Logic that allows the spreadsheet administrator to specify a

complete description of the dynamic behavior of a spreadsheet or database. As its

name suggests, Markov Change Logic specifies database dynamics in terms of adjacent

pairs of database states. This begs the question of whether a Markov language is

su�cient for specifying multistep dynamic constraints. We give a theoretical analysis

that shows that the answer is yes, as long the database schema may be extended

with additional relations. Finally, we show how to convert a set of constraints into

its equivalent Markov Change Logic program.

Finally, we illustrate the use of logical spreadsheets by describing Webcell, a Web-

based logical spreadsheet engine. Webcell powers the Stanford Computer Science

Master’s Program sheet, which is currently used by students to plan their course

schedules and ensure that all departmental and university requirements are met.

1.5 Overview

The rest of this thesis is organized as follows.

• Chapter 2 gives the formal background required for the thesis.

• Chapter 3 formally defines logical spreadsheets, and introduces a domain-

independent update semantics for logical spreadsheets.

• Chapter 4 discusses our paraconsistent entailment relation, existential ⌦-

entailment, which is used to show the consequences of the values in a spread-

sheet even when there is inconsistency between the spreadsheet values and con-

straints. We explore the formal properties of the entailment relation and give

an algorithm for computing the existentially ⌦-entailed values in a database.

• Chapter 5 motivates the need to modify the domain-independent update se-

mantics by using a specification language for database dynamics. We consider

whether general dynamic rules are required and conclude that, as long as the
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spreadsheet schema can be extended, Markov rules su�ce. Finally, we introduce

Markov Change Logic, which allows us to express dynamic policies, and describe

how it can be used to modify the domain-independent update semantics.

• Chapter 6 describes in detail the implementation of a logical spreadsheet engine

called Webcell that can be used to turn Web pages into logical spreadsheets.

We describe the application of Webcell to the Stanford University Computer

Science Master’s Program Sheets.

• Chapter 7 concludes with a discussion of future work.



Chapter 2

Formal Background

In this chapter, we give the formal background assumed by the remainder of the thesis.

We begin by defining databases and Datalog, a query language for databases. Our

presentation is largely taken from [24]. We then define Herbrand Logic, a logic which

we will use to define constraints for our spreadsheets. Finally, we define resolution, a

proof procedure which can used to prove facts in Herbrand Logic.

2.1 Databases

The fundamental building blocks of databases are entities and relations. Entities

represent objects presumed or hypothesized to exist in the application area of the

database. Relations represent properties of those objects or relationships among

them. A collection of entities and relations together with their arities is called a

vocabulary.

In our examples here, we refer to entities and relations using strings of letters,

digits, and a few non-alphanumeric characters (e.g. “ ”). For reasons described

below, we prohibit strings beginning with upper case letters; all other combinations

are acceptable. Examples include a, p, 123, father, comp225, and helen heavenly.

In abstract examples, we will usually represent entities as letters early in the alphabet

(e.g. a, b, c) and relations as letters later in the alphabet (e.g. p, q, r).

The set of all entities that can be used in a database is called the domain of the

17
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database. Database domains can be finite or infinite. Most (but not all) database

domains include strings and numbers as subsets, and hence they are infinite.

The set of all relations in a database is called the signature of the database.

Signatures are always finite.

The arity of a relation is the number of entities involved in any instance of that

relation. Arity is an inherent property of a relation and never changes. If r is a

relation, we write r(X1, . . . , Xk

) to signify that r has arity k. We denote the arity of

a r as arity(r).

A database schema consists of a domain, a signature, and an assignment of arities

for each of the relations in the signature.

Given a database, we define a datum (plural data) to be a structure consisting of

an n-ary relation from the signature and n entities from the domain. On occasion,

we call a datum a proposition. In what follows, we write data using traditional

mathematical notation. For example, if r is a binary relation and a and b are entities,

then r(a, b) is a datum / proposition.

The propositional base for a database schema is the set of all propositions that can

be formed from the relations and the entities in the database schema. For a schema

with entities a and b and relations p and q where p has arity 1 and q has arity 2, the

propositional base is {p(a), p(b), q(a, a), q(a, b), q(b, a), q(b, b)}.
A database instance (also known as an extension or database state) of a database

is a finite subset of its propositional base.

The cardinality of a relation r in a database instance is the number of data in

that state with relation of r.

2.2 Datalog Programs

Datalog programs are used to define views (i.e. named queries) of databases.

Datalog programs are built up from three disjoint classes of components, viz. re-

lations, entities, and variables. In our examples here, we denote entities and relations

as described above; and we write variables as strings of letters, digits, and special

characters beginning with an upper case letter, e.g. X, Y , Z, Age, F1, F2, and so
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forth. (Recall that entities and relations start withe lowercase letters and numbers.)

A term is either an entity or a variable.

An atom is an expression formed from an n-ary relation and n terms. As with

data, we write Datalog atoms in traditional mathematical notation - the relation

followed by its arguments enclosed in parentheses and separated by commas. For

example, if r is a binary relation, if a and b are entities, and if Y is a variable, then

r(a, b) and r(b, a) are atoms, as are r(a, Y ) and r(Y, a) and r(Y, Y ).

A literal is either an atom or a negation of an atom. An atom is called a positive

literal. The negation of an atom is called a negative literal. We write negative literals

using the negation sign ¬. For example, if r(a, b) is an atom, then ¬r(a, b) denotes
the negation of this atom. A fact is a datum or a negative datum.

A rule is an expression consisting of a distinguished atom, called the head, and

0 or more literals, together called the body. We write rules as in the example shown

below. Here, q(X, Y ) is the head, and the other literals constitute the body.

q(a, Y ) : � p(b, Y ) & ¬r(Y, d)

A Datalog program is a finite set of atoms and rules of this form. To simplify our

definitions and analysis, we occasionally talk about infinite sets of rules. While these

sets are useful for purposes of analysis, they are not themselves Datalog programs.

An expression is said to be ground if and only if it contains no variables.

A rule in a Datalog program is safe if and only if every variable that appears in

the head or in any negative literal in the body also appears in at least one positive

literal in the body. A Datalog program is safe if and only if every rule in the program

is safe.

The dependency graph for a Datalog program is a directed graph in which the

nodes are the relations in the program and in which there is an arc from one node

to another if and only if the former node appears in the body of a rule in which the

latter node appears in the head. A program is recursive if and only if there is a cycle

in the dependency graph.

A negation in a Datalog program is said to be stratified if and only if there is no
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cycle in the dependency graph involving the negation. A Datalog program is stratified

if and only if there are no unstratified negations.

In this thesis, we concentrate exclusively on Datalog programs that are both safe

and stratified. While it is possible to extend the results here to other programs, such

extensions are beyond the scope of this work.

The propositional base for a Datalog program is the set of all atoms that can be

formed from the entities in the program’s schema. Said another way, it is the set of

all sentences of the form r(t1, . . . , tn), where r is an n-ary relation and t1, . . . , tn are

entities.

An instance of a rule in a Datalog program is a rule in which all variables have been

consistently replaced by entities from the program’s domain. Consistent replacement

means that, if one occurrence of a variable is replaced by a given term in a rule, then

all occurrences of that variable in the rule are replaced by the same term.

An interpretation for a Datalog program is an arbitrary subset of the propositional

base for the program. A model of a Datalog program is an interpretation that satisfies

the program (as defined below).

An interpretation D satisfies a Datalog program P if and only if D satisfies

every ground instance of every sentence in P. The notion of satisfaction is defined

recursively. An interpretation D satisfies a ground atom p if and only if p is in D. D

satisfies a ground negation ¬p if and only if p is not in D. D satisfies a ground rule

p : � p1, . . . , pn if and only if D satisfies p whenever it satisfies p1, . . . , pn.

In general, a Datalog program can have more than one model, which means that

there can be more than one way to satisfy the rules in the program. In order to

eliminate ambiguity, we adopt the minimal model approach to Datalog program se-

mantics, i.e. we define the meaning of a safe and stratified Datalog program to be its

minimal model.

A model D of a Datalog program P is minimal if and only if no proper subset

of D is a model for P . A Datalog program that does not contain any negations has

one and only one minimal model. A Datalog program with negation may have more

than one minimal model; however, if the program is stratified, then once again there

is only one minimal model.
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2.3 Open Datalog Programs

Datalog programs as just defined are closed in that they fix the meaning of all relations

in the program. In open Datalog programs, some of the relations (the inputs) are

undefined, and other relations (the outputs) are defined in terms of these. The same

program can be used with di↵erent input relations, yielding di↵erent output relations

in each case.

Formally, an open program is a Datalog program together with a partition of the

relations into two types - base relations (also called input relations) and view relations

(also called output relations). View relations can appear anywhere in the program,

but base relations can appear only in the bodies of rules, not in their heads.

The input base for an open Datalog program is the set of all atoms that can

be formed from the base relations of the program and the entities in the program’s

domain. An input model is an arbitrary subset of its input base.

The output base for an open Datalog program is the set of all atoms that can

be formed from the view relations of the program and the entities in the program’s

domain. An output model is an arbitrary subset of its output base.

Given an open Datalog program P and an input model D, we define the overall

model corresponding to D to be the minimal model of P [ D. The output model

corresponding to D is the intersection of the overall model with the program’s output

base.

Finally, we define the meaning of an open Datalog program to be a function that

maps each input model for the program into the corresponding output model.

2.4 Herbrand Logic

The logic used in this thesis, Herbrand Logic, is first-order logic with equality and

the following two restrictions.

• no function constants

• unique names assumption
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The unique names assumption (UNA) states that every pair of distinct entities

is unequal. The domain closure assumption (DCA) states that every object in the

domain must be one of the entities in the vocabulary.

We use standard definitions for the syntax of Herbrand Logic, adapted from [29].

Logical sentences are defined inductively: an atom is a logical sentence, and if � and

 are sentences and X is a variable then all of the following are sentences: ¬�, �^ ,
�_ , �)  , �(  , �,  , 8X.�, and 9X.�. Variables not captured by a quantifier

are called free variables. Sentences with free variables are called open sentences, and

sentences without free variables are called closed sentences. The set of all sentences

for a given vocabulary is called the language for that vocabulary. A theory is a set of

sentences.

A clause is a set of literals and represents a disjunction of the literals in the set.

A theory is in clausal form if it consists solely of clauses. A contrapositive of a clause

{�1, . . . ,�k

} is a sentence of the form �
i

( ¬�1,^ . . .¬�
i�1 ^ ¬�

i+1 ^ . . .¬�
k

.

We use fairly standard metalevel notation. A lower-case Greek letter denotes

a single sentence, and an upper-case Greek letter denotes a finite set of sentences.

Instead of writing out n variables as X1, . . . , Xn

, we will often write X̄; likewise

entities a1, . . . , an will be written ā.

We use the standard definitions for a model and for satisfaction but take advantage

of the UNA to simplify those definitions. A interpretation in Herbrand Logic is a set

of ground atoms from the language. Satisfaction is defined as follows.

The definition for the satisfaction of closed sentences where the interpretation M

is represented as a set of ground atoms is as follows.

|=
M

s = t if and only if s and t are syntactically identical.

|=
M

p(t1, . . . , tn) if and only if p(t1, . . . , tn) 2M

|=
M

¬� if and only if 6|=
M

�

|=
M

� ^ if and only if |=
M

� and |=
M

 

|=
M

� _ if and only if |=
M

� or |=
M

 or both
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|=
M

�(  if and only if |=
M

� _ ¬ 

|=
M

�)  if and only if |=
M

¬� _ 

|=
M

�,  if and only if |=
M

�(  and |=
M

�)  

|=
M

8X.�(X) if and only if |=
M

�(a) for every entity a.

|=
M

9X.�(X) if and only if |=
M

�(a) for some entity a.

An open sentence �(X1, . . . , Xn

) with free variables X1, . . . , Xn

is satisfied by M if

and only if 8x1 . . . xn

.�(x1, . . . , xn

) is satisfied by M according to the above definition.

A set of sentences is satisfiable (or consistent) when there is at least one model.

Logical entailment is a consequence relation - a relation between theories and

sentences. If |⇡ is a consequence relation and � |⇡  , then � 2 � are known as

premises and  is known as the conclusion.

Entailment queries in Herbrand Logic can be answered using the usual reduction

of entailment to unsatisfiability: � |= � if and only if � [ ¬� is unsatisfiable [29].

2.5 Resolution

Resolution is an automated proof procedure for first-order logic. In this section, we

cover the basics of resolution. Our exposition is a condensed version of [23]. We first

cover substitutions and unification, upon which resolution is built.

A substitution is a finite mapping of variables to terms. We write substitutions

as sets of replacement rules, like the one shown below. In each rule, the variable to

which the arrow is pointing is to be replaced by the term from which the arrow is

pointing. In this case, X is to be replaced by a, Y is to be replaced by b, and Z is to

be replaced by V .

{X  a, Y  b, Z  V }

The variables being replaced together constitute the domain of the substitution,

and the terms replacing them constitute the range.
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The result of applying a substitution � to an expression � is the expression ��

obtained from the original expression by replacing every occurrence of every variable

in the domain of the substitution by the term with which it is associated.

A substitution � and a substitution ⌧ are composable if and only if the domain on

� and the range of ⌧ are disjoint. Otherwise, they are noncomposable.

The composition �⌧ of a substitution � and a substitution ⌧ is computed in two

steps. (1) First, we apply ⌧ to the range of �. (2) Then we adjoin to � all pairs from

⌧ with di↵erent domain variables.

A clause � subsumes a clause  if and only if there exists a substitution � such

that �� ✓  .
A substitution � is a unifier for an expression � and an expression  if and only

if �� =  �, i.e. the result of applying � to � is the same as the result of applying �

to  . If two expressions have a unifier, they are said to be unifiable. Otherwise, they

are nonunifiable.

We say that a substitution � is as general as or more general than a substitution

⌧ if and only if there is another substitution � such that �� = ⌧ . A most general

unifier, or mgu, � of two expressions has the property that it is as general as or more

general than any other unifier.

If a subset of the literals in a clause � has a most general unifier �, then the clause

�0 obtained by applying � to � is called a factor of �.

Suppose that � and  are two clauses. If there is a literal � in some factor �0

of � and a literal ¬ in some factor  0 of  such that � and  have a most general

unifier �, then we say that the two clauses � and  resolve and that the new clause

((�0 � {�}) [ ( 0 � {¬ }))� is a resolvent of the two clauses.

A resolution derivation of a clause � from a set � of clauses is a sequence of

clauses terminating in � in which each item is either (1) a member of � (a premise)

or (2) the result of applying resolution to earlier items in the sequence. A sentence �

is provable from a set of sentences � by resolution if and only if there is a derivation

of the empty clause (called a resolution refutation) from the clausal from of �[{¬�}.
The resolution closure of a set � of clauses is the set of all clauses resolution

derivable from �. The resolution closure with subsumption of a set � of clauses is
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resolution closure of �, minus those clauses � subsumed by some other clause �0 in

the resolution closure of �.



Chapter 3

Logical Spreadsheets

In this chapter, we define logical spreadsheets and introduce a domain-independent

update semantics for logical spreadsheets. We illustrate the update semantics with a

detailed example. Finally, we compare logical spreadsheets to similar systems.

3.1 Formal Definitions

We represent logical spreadsheets as databases of a very special kind. Define a cell

to be a unary relation of cardinality 0 or 1. A spreadsheet is a database in which

all relations are cells. For example, if we have a spreadsheet with three cells, p, q,

and r, then an instance of the spreadsheet is {p(a), r(b)}. A logical spreadsheet is a

spreadsheet with a set of logical constraints which represent the relationships between

cells. We use Herbrand Logic sentences in clausal form to represent constraints.

For example, the following constraint disallows cells p and q from being equal:

¬p(X) _ ¬q(X)

We will sometimes write constraints in rule form to increase readability. For ex-

ample, instead of:

¬p(X) _ ¬q(X) _ r(X)

26
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we might write the logically equivalent rule:

p(X) ^ q(X)) r(X)

For each cell p, a logical spreadsheet has a single-value constraint p(X) ^ p(Y ) )
X = Y which asserts that the relations contain at most 1 value. As every spreadsheet

has them, we will usually not explicitly write out these constraints.

Note that this definition of a logical spreadsheet is equivalent to the definition of

a constraint satisfaction problem (CSP) [48]. Logical spreadsheets can be thought of

as an interactive constraint satisfaction problem [45]. Whereas a traditional CSP is

solved completely automatically, in an interactive CSP the user and system cooperate

to produce a solution.

3.2 Update

In this section, we introduce a domain-independent semantics for updating logical

spreadsheets and discuss the decisions we made when designing the update mecha-

nism. As we shall see, the generalization from unidirectional functions to many-to-

many relationships leads to many choices.

3.2.1 Bilevel Update

In a traditional spreadsheet, the formulae partition the cells into input cells and output

cells, where the output cells are functions of the input cells. In a logical spreadsheet,

this is no longer the case: regardless of the constraints, any cell can be an input cell

or an output cell.

Although a logical spreadsheet has this additional functionality, it should still

behave in the same way that a traditional spreadsheet would behave in the case that

this additional functionality is not used. Consider a simple spreadsheet with two

cells, p and q, together with the constraint p(X)) q(X), shown pictorially in Figure
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Figure 3.1: (1) A spreadsheet with two empty cells p and q, and the constraint
p(X)) q(X). (2) The user places the value a into cell p. The value a is automatically
placed in cell q. (3a) The user removes value a from cell p. The value a is automatically
removed from cell q. (3b) Alternatively, when the user removes value a from cell p,
the value a remains in cell q.

3.1(1). If the user were to place value a into cell p, then the constraints tell us that q

must contain value a as well (Figure 3.1(2)). What should happen, then, if the value

a is then removed from cell p? In a traditional spreadsheet, a would automatically be

removed from cell q as well, since it is no longer computable by the input cell, namely

p, and the constraints (Figure 3.1(3a)). The user would be surprised if the value a

were to remain in cell q (Figure 3.1(3b)), because this value is no longer supported

by any other input values in the spreadsheet.

To support this behavior, the spreadsheet must keep track of which values were

supplied by the user and which values were not. We shall therefore separate the values

into base values and computed values, where the base values are supplied by the user,

and the computed values are entailed by the base values and the constraints. Thus,

in the example above, p(a) would be a base value assignment and q(a) would be a

computed value assignment. Because we have two “levels” of facts - the computed

level is built upon the base level - we say that our spreadsheets are bilevel, and

also that the update algorithm that maintains the relationship between the base and

computed cells is bilevel.
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In the sequel, we will represent the set of base value assignments by ⇤, the com-

puted value assignments by �, and the constraints by ⌦. The computed value assign-

ments � are entailed by ⇤ and ⌦.

3.2.2 Dealing with unambiguous conflicts during update

In a traditional spreadsheet, the formulas partition the cells into base cells and com-

puted cells. Computed cells contain a formula, which defines its value in terms of

other cells. Base cells are cells that do not contain formulas. The formulas induce

a partial ordering on the cells, and updates to cells lower in the ordering can only

a↵ect cells higher in the ordering. Thus, we say the traditional spreadsheets only

support unidirectional update. On the other hand, in a logical spreadsheets, no such

ordering is possible, as an update to cell p can change the value to cell q and vice

versa, even when the constraints are fixed. Thus we say that logical spreadsheets

support multidirectional update.

An interesting possibility raised by multidirectional update is how to deal with

the case that the value being entered into the spreadsheet conflicts with the values

currently in the spreadsheet. For example, consider a spreadsheet with two cells, p

and q, and one constraint, p(X) ) ¬q(X). The user first places value a into cell q,

as depicted at the top of Figure 3.2. What should happen if the user then attempts

to place value a into cell p, directly conflicting with value a in cell q? We consider

three possibilities, shown at the bottom of Figure 4.

1. The request is rejected by the system.

2. The request is executed by the system, resulting in a conflict between cells p

and q.

3. The request is executed by the system, and in addition, the value a is automat-

ically removed from cell q, thus resolving the conflict.

In a traditional spreadsheet, when a user places a value into a cell, the result is

that (1) the cell has that value, and (2) all consequences of that value are propagated
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Figure 3.2: A spreadsheet with two cells, p and q, and the constraint p(X)) ¬q(X).
At first, cell q contains value a. The user then attempts to place value a into cell
p. Three possible outcomes are depicted: at left, the attempt is rejected; at cen-
ter, the update results in a conflict between p(a) and q(a); at right, the conflict is
automatically resolved.

throughout the spreadsheet. We take the same approach. Thus, since a consequence

of cell p having value a is that cell q cannot have value a, the system automatically

removes value a from q, resulting in the third scenario above.1 We refer to this

behavior as categorical deletion.

Definition 3.1 (Spreadsheet Insertion). If ⇤ is the current data and � is a data to

be inserted such that � is consistent with ⌦, then we define:

⇤� � =
def

⇤ [ �� { 2 ⇤ | � [ ⌦ |= ¬ } ⇤

We say that the  that are inconsistent with � [ ⌦ from the spreadsheet are

categorically deleted from ⇤.

Returning to the example from Figure 3.2, we start with data ⇤ = {q(a)} and

constraints ⌦ = {p(X)) ¬q(X)}. The update is � = {p(a)}. Definition 3.1 tells us

that:
1
The second scenario, in which q(a) is retained, is sometimes preferable. Chapter 5 discusses how

this domain-independent semantics can be tweaked to deal with such situations.
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⇤� �

= ⇤ [ �� { 2 ⇤ | � [ ⌦ |= ¬ }
= {q(a)} [ {p(a)}� { 2 {q(a)} | {p(a)} [ {p(X)) ¬q(X)} |= ¬ }
= {q(a)} [ {p(a)}� {q(a)}
= {p(a)}

3.2.3 Dealing with ambiguities during update

Things are not always so simple. It may be the case that a new value placed into

the spreadsheet does not directly conflict with any value currently in the spreadsheet,

but instead conflicts with some combination of values.

For example, consider that we have a spreadsheet with three cells, d1, d2, and

d3, representing the departments of the courses a student is taking. Suppose that

the spreadsheet also contains a constraint stating that “a student cannot take three

physical education classes”, written as ¬d1(pe)_¬d2(pe)_¬d3(pe). So, what should
happen when two of the courses are in the physical education department, and the

student attempts to take a third course in the physical education department? Figure

3.3 displays four alternatives.

We would like to obey the user’s request, and at the same time, we would like

to resolve the conflict as we did in Section 3.2.2. There are three possible ways to

resolve the conflict, namely to remove pe from cell d2, to remove pe from cell d3, and

to remove pe from both d2 and d3. The system has no reason to prefer either d2 or

d3 over the other. Furthermore, while the third option is fair, it deletes information

when it is unclear that the information should be deleted. While this example is small,

with only three cells, a larger example with, say, 100 cells and a similar constraint

would result in 99 deletions, a completely unacceptable loss of information. Thus, we

choose the final option: place pe into d1, and leave the other cells alone.

Note that Definition 3.1 does exactly this, with no modification. Definition 3.1

removes only those facts that directly conflict with the inserted facts, and nothing

else.
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Figure 3.3: A spreadsheet with three cells, d1, d2, and d3 and a constraint stating
that they cannot all have the value pe. At first, d2 and d3 contain the value pe. The
user then places the values pe into cell d1. Four possible outcomes are displayed.

3.2.4 Dealing with inconsistency in a static spreadsheet

Our decision to allow conflicts between values in our spreadsheet has an unfortunate

consequence: we cannot simply define the computed values as the logical consequences

of the base value assignments and the constraints. To see why, recall that a set of

sentences ⇧ logically entails a sentence  if and only if every model of ⇧ is a model of

 . However, if the base value assignments are inconsistent with the constraints, then

this set of sentences has no models, and therefore every model of these sentences is a

model of any sentence. Therefore, when the base value assignments are inconsistent

with the constraints, every value is logically entailed in every cell, thus rendering the

spreadsheet useless.

We must therefore turn to a paraconsistent notion of entailment. The notion of

entailment we use is as follows.

Definition 3.2. Let ⇤ and ⌦ be sets of sentences. We say that a sentence � is
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existentially ⌦-entailed by ⇤ i↵ there is some subset � ✓ ⇤ such that �[⌦ is consistent

and � [ ⌦ logically entails �. We will use the notation ⇤ |⇡⌦ � to indicate that ⇤

existentially ⌦-entails �.

The word “existential” in existential ⌦-entailment refers to the fact that there

exists some ⌦-consistent subset � such that � [ ⌦ logically entails �.

Note that existential ⌦-entailment behaves the same as logical entailment as long

as the base value assignments are consistent with the constraints. However, when the

base values are inconsistent with the constraints, the number of entailed computed

values is kept in check.

For example, consider that in addition to cells d1, d2 and d3, we have a fourth cell

m, which is meant to contain the student’s major. If cells d1, d2, and d3 all contain

value pe, then {d1(pe), d2(pe), d3(pe)}[{¬d1(pe)_¬d2(pe)_¬d3(pe)} is inconsistent

and logically entails m(pe), m(cs), m(art), and so on. However, note that any subset

of {d1(pe), d2(pe), d3(pe)} taken together with the constraint ¬d1(pe) _ ¬d2(pe) _
¬d3(pe) does not entail any value for m, and therefore no value of m is existentially

⌦-entailed by this spreadsheet.

We discuss Existential ⌦-entailment in detail and give an e�cient method for

computing it in Chapter 4.

3.2.5 Dealing with single values

When the data is consistent with the constraints, then the data is consistent with the

single-value constraints, and each cell has cardinality at most 1. However, when the

data is inconsistent with the constraints, more than one value can be computable in

a cell. For example, consider a spreadsheet with five cells, p1, q1, p2, q2 and r, and

two constraints, p1(X) ^ q1(X) ) r(X) and p2(X) ^ q2(X) ) r(X). Say that the

spreadsheet now has base data {p1(a), q1(a), p2(b)}, and therefore has computed data

{r(a)} (Figure 3.4). If the user places value b into cell q2, then the base data will

be {p1(a), q1(a), p2(b), q2(b)}, and there will be two existentially ⌦-entailed data for

r, namely r(a) and r(b).

We choose a fair semantics in which neither value is preferred and therefore our
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Figure 3.4: A spreadsheet with two constraints: p1(X)^ q1(X)) r(X) and p2(X)^
q2(X)) r(X). The value q2(b) is about to be inserted. After q2(b) is inserted, r will
have two computed values - r(a) and r(b).

computed assignments � will have no data for r. In other words, we will define the

computed data � as follows:

Definition 3.3 (Computed Data). Given a spreadsheet with base data ⇤ and con-

straints ⌦, we define the computed data � as follows:

� =
def

{⇢(⌧) | ⇤ |⇡⌦ ⇢(⌧) ^ ((⇤ |⇡⌦ ⇢(�))) ⌧ = �)} ⇤

Definition 3.3 says that a value ⌧ is computed in a cell ⇢ i↵ ⌧ is the only value

computable for ⇢.

3.2.6 Deletion

Deletion is as simple as can be: simply remove the facts from the base data.

Definition 3.4 (Spreadsheet Deletion). Given base data ⇤ and data �, define the

deletion of � from ⇤ as:

⇤ � =
def

⇤� � ⇤

This definition can be extended to deal with the bulk deletion of multiple facts,

in which case it coincides with set deletion.
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3.3 Summary

In this chapter we have given a domain-independent update semantics for logical

spreadsheets. We gave a definition for insertion that removes directly conflicting

values but retains other values even if they result in a conflict. Deletion was simply

defined as set deletion. Multiple entailed values for a cell were are treated by keeping

the cell empty.

In the next chapter, we define a method for computing the consequences of spread-

sheet data that is inconsistent with with the constraints.



Chapter 4

Existential ⌦-Entailment

In this chapter, we discuss existential ⌦-entailment in more detail. In section 4.1 we

give an illustrative example of existential ⌦-entailment. In section 4.2 we examine

its semantic properties. In section 4.3 we compare it to resolution. In section 4.4

we discuss how to compute the existentially ⌦-entailed data from a set of constraints

and a set of data. In section 4.5 we discuss related work.

4.1 Introduction

Existential ⌦-entailment was defined in Definition 3.3. For convenience, we reproduce

the definition here.

Definition 3.3 Let ⇤ and ⌦ be sets of sentences. We say that a sentence � is

existentially ⌦-entailed by ⇤ i↵ there is some subset � ✓ ⇤ such that �[⌦ is consis-

tent and � [ ⌦ logically entails �. We will use the notation ⇤ |⇡⌦ � to indicate that

⇤ existentially ⌦-entails �.

Existential ⌦-entailment is a generalization of existential entailment [40, 5, 19] to

allow for a set of nondefeasible constraints ⌦. A set of formulae ⇤ existentially entails

a sentence � i↵ there is a consistent subset � ✓ ⇤ such that � logically entails �. Note

that existential entailment corresponds to existential ⌦-entailment where ⌦ = ;.

36
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Proposition 4.1 (Maximality). Say that ⇤ |⇡M

⌦ � i↵ there is a maximal ⌦-consistent

subset � ✓ ⇤ such that � [ ⌦ logically entails �. Then ⇤ |⇡⌦ � i↵ ⇤ |⇡M

⌦ �.

Proof If ⇤ |⇡M

⌦ �, then there is an ⌦-consistent subset � of ⇤ such that � [ ⌦ |= �,

and thus ⇤ |⇡⌦ �. If ⇤ |⇡⌦ �, then there is an ⌦-consistent subset � of ⇤ such that

� [ ⌦ |= �. Let �0 be a maximal ⌦-consistent subset of ⇤ that contains �. By the

monotonicity of logical entailment, since � [ ⌦ |= � and � ✓ �0 then �0 [ ⌦ |= �.

Since is �0 is maximal, ⇤ |⇡M

⌦ �. ⇤
We will be focusing on the application of existential ⌦-entailment to sets of for-

mulae ⇤ where ⇤ consists solely of data. We will refer to the consequence relation

existential ⌦-entailment restricted to data defined by restricting the domain of exis-

tential ⌦-entailment to data, and restricting the range facts (ground literals which

may be positive or negative).

Existential ⌦-entailment is a paraconsistent entailment relation, meaning that it

does not entail all conclusions when an inconsistency is present. Intuitively, existential

⌦-entailment only entails conclusions that are justified by an ⌦-consistent subset of

⇤. We illustrate this concept with an example.

Example 4.1. Consider the following constraints ⌦:

¬r(X) _ ¬d(X) (One cannot be both Republican and Democrat.)

r(X)) g(X) (Republicans like George.)

d(X)) b(X) (Democrats like Bill.)

b(X) ^ g(X)) u(X) (People who like Bill and George are undecided.)

And the following data ⇤:

r(Robert) (Robert is a Republican)

d(David) (David is a Democrat)

r(Ed) (Ed is a Republican)

d(Ed) (Ed is a Democrat)

Then the maximal ⌦-consistent sets of ⇤ are:
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s1: {r(Robert), d(David), r(Ed)}
s2: {r(Robert), d(David), d(Ed)}

The data entailed by s1 [ ⌦ is

c1 = {r(Robert), d(David), r(Ed), g(Robert), b(David), g(Ed)}

The data entailed by s2 [ ⌦ is

c2 = {r(Robert), d(David), r(Ed), g(Robert), b(David), b(Ed)}

And so the existentially ⌦-entailed facts are

c1 [ c2 = {r(Robert), d(David), r(Ed), g(Robert), b(David), g(Ed), d(Ed)}

Note that, although both g(Ed) and d(Ed) are existentially ⌦-entailed, u(Ed) is not,

due to the constraint ¬r(X) _ ¬d(X).

4.2 Properties

To help shed light on the behavior of Existential ⌦-entailment, in this section we

investigate its formal properties. We first note that existential ⌦-entailment depends

on the syntax of the theory it is applied to, not just the semantics. To make this

notion formal, we first need the following definitions.

Definition 4.1 (Logical Equivalence). Two theories � and  are logically equivalent

i↵ for all � 2 �,  |= � and conversely for all  2  , � |=  .

Definition 4.2 (Syntax Dependence). A consequence relation |⇡ is syntax indepen-

dent if, for any logically equivalent theories � and  and any sentence �, � |⇡ � i↵

 |⇡ �. Otherwise it is syntax-dependent.

Now we are ready to prove our assertion.

Proposition 4.2 (Syntax Dependence). Existential ⌦-entailment is syntax depen-

dent.
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Proof Let � = {p(a)^ q(a)}, let  = {p(a), q(a)} and let ⌦ = {¬q(a)}. Then � and

 are logically equivalent, but  |⇡⌦ p(a) and � 6|⇡⌦ p(a). ⇤

This is discouraging. However, in practice, we will only be using Existential ⌦-

entailment applied to sets of data.

Proposition 4.3 (Syntax Independence). Existential ⌦-entailment restricted to sets

of data is syntax independent.

Proof This trivially arises from the fact that two sets of data are logically equivalent

i↵ they have the same data. ⇤

Also importantly, the logical form of the constraints does not matter.

Proposition 4.4 (Equivalence). Let ⌦ and ⇥ be two logically equivalent theories.

Then for any theory ⇤ and sentence �, ⇤ |⇡⌦ � i↵ ⇤ |⇡⇥ �.

Proof Say that ⇤ |⇡⌦ �. Then there is an ⌦-consistent subset � of ⇤ such that

� [ ⌦ |= �. Since ⌦ and ⇥ are logically equivalent, � [ ⇥ |= �, and thus ⇤ |⇡⇥ �.

The other case is symmetric. ⇤

We now turn towards examining properties of existential ⌦-entailment. First we

define some notation to denote a generic consequence relation.

Definition 4.3 (Consequences). Let ⇤ be a theory and let |⇡ be a consequence rela-

tion.

C|⇡(⇤) =def

{� | ⇤ |⇡ �}

Table 4.1 lists properties (and non-properties) of existential ⌦-entailment. The

list of properties studied is adapted from [19] and [36]. Appendix 2 gives proofs of

the various properties listed in Table 4.1.

Table 4.1 shows that existential ⌦-entailment behaves quite di↵erently than logical

entailment, for which all of the properties hold. 1 For the properties that do not hold,

1
⌦-Subclassicality and ⌦-Consistent Classicality do not hold for logical entailment, though Sub-

classicality and Consistent Classicality do. Subclassicality, which says that |⇡ is no strongere than

|=, is defined as ⇤ |= � if ⇤ |⇡ �. Consistent Classicality is defined as if ⇤ 6|=?, ⇤ |⇡ � i↵ ⇤ |= �,
where |⇡ is a consequence relation.
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Property Name Holds?

{ ,¬ } |⇡⌦ � (Explosiveness) No

⇤ [ ⌦ |= � if ⇤ |⇡⌦ � (⌦-Subclassicality) Yes

if ⇤ [ ⌦ 6|=?, ⇤ |⇡⌦ � i↵ ⇤ [ ⌦ |= � (⌦-Consistent Classicality) Yes

⇤ [ {�} |⇡⌦  if ⇤ |⇡⌦  (Monotonicity) Yes

⇤ |⇡⌦ � if � 2 ⇤ (Reflexivity) No

⇤ [ {�} |⇡⌦ �

if ⇤ [ { } |⇡⌦ � and |= �,  (Left logical equivalence) Yes

⇤ |⇡⌦ � if ⇤ |⇡⌦  and |⇡⌦  ) � (Right Weakening) Yes

⇤ [ {¬ } |⇡⌦ ¬� if ⇤ [ {�} |⇡⌦  (Contraposition) No

⇤ |⇡⌦ � ^  if ⇤ |⇡⌦ � and ⇤ |⇡⌦  (And) No

⇤ |⇡⌦  if ⇤ |⇡⌦ � and ⇤ [ {�} |⇡⌦  (Cut) No

⇤ |⇡⌦ �)  if ⇤ [ {�} |⇡⌦  (Conditionalization) Yes

⇤ [ {�} |⇡⌦  if ⇤ |⇡⌦ �)  (Deduction) No

C|⇡⌦
(⇤) = C|⇡⌦

(C|⇡⌦
(⇤)) (Idempotence) No

Table 4.1: Properties of Existential ⌦-entailment

they do not hold even when existential ⌦-entailment is restricted to data.

We briefly comment on the of the properties of Table 4.1 that are most relevant to

logical spreadsheets. As desired, existential ⌦-entailment is not explosive; or in other

words, it is paraconsistent. It generates a subset of the conclusions of logical entail-

ment (⌦-Subclassicality). It coincides with logical entailment on consistent theories

(⌦-Consistent Classicality). It is monotonic, so adding more facts will never generate

fewer conclusions. It is irreflexive, so not all of its premises are also conclusions. This

occurs only when a premise directly conflicts with the constraints ⌦. Repeated appli-

cation of existential ⌦-entailment can generate more conclusions (non-Idempotence),

so distinguishing between “base facts” and “computed facts” is important.
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4.3 Comparison to Resolution

The need for a paraconsistent entailment relation to show the consequences of a

spreadsheet arises due to the explosive nature of classical logic (and, consequently,

Herbrand Logic). However, it is worth noting that resolution will also not derive all

sentences given an inconsistent input. In this section, we see that resolution can be

used to derive a paraconsistent entailment relation that derives more conclusions than

existential ⌦-entailment does.

Example 4.2 (Paraconsisency of Resolution). Consider the following theory:

{p _ q, r,¬r}

Although the theory is inconsistent due to the presence of r and ¬r, there is no

resolution derivation of p from the theory.

Indeed, resolution can also be used to construct a paraconsistent entailment rela-

tion.

Definition 4.4 (Resolution entailment). Let ⌦ be a set of clausal formulae, and let

� be a literal. We say that ⌦-resolution entails � (written ⌦ |⇡
R

�) i↵ � is subsumed

by a non-empty clause that has a resolution derivation from ⌦.

Resolution entailment corresponds to quasi-classical logic [6], restricted to clauses

and literals.

The following proposition says that the conclusions of existential ⌦-entailment are

contained in the conclusions of resolution entailment.

Proposition 4.5. Let ⇤ be a set of data, let ⌦ be a set of clauses, and let � be a

literal. Then ⇤ [ ⌦ |⇡
R

� if ⇤ |⇡⌦ �.

Before proving this proposition, we first note the following lemma:

Lemma 4.6 (The Subsumption Theorem [31]). Let ⌦ be a set of clauses, and let � be

a clause that is not a tautology. Then ⌦ |= � i↵ there is a clause � that is resolution

derivable from ⌦ such that � subsumes �.
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Proof of Proposition 4.5. Since ⇤ |⇡⌦ �, there is an ⌦-consistent subset � of

⇤ such that � [ ⌦ |= �. By the Subsumption Theorem, there is a clause � that is

resolution derivable from ⌦ such that � subsumes �. Since � [ ⌦ 6|=?, we see that �

cannot be the empty clause. Thus �[⌦ |⇡
R

�, and by monotonicity, ⇤[⌦ |⇡
R

�. ⇤

However, the opposite is not the case, i.e. the conclusions of resolution entailment

are not contained in the conclusions of existential ⌦-entailment.

Proposition 4.7. There exists a set of data ⇤, a set of clauses ⌦, and a literal �

such that ⇤ [ ⌦ |⇡
R

� but ⇤ 6|⇡⌦ �.

Proof Let ⌦ = {¬p _ ¬q,¬p _ ¬q _ r}, let ⇤ = {p, q}, and let � = r. ⇤.

4.4 Computing Existential ⌦-Entailment

We now turn to the question of how to e�ciently compute whether a fact is existen-

tially ⌦-entailed from a set of data.

Going straight from the definition, we can reduce the problem to resolution as

follows. First, we define a procedure for determining if ⇤ [ ⌦ is consistent with a

literal �. While this procedure is undecidable in general, we note that it is decidable

for the special cases of propositional logic [25], monadic logic [8] and Finite Herbrand

Logic [29]:2

Algorithm 4.1 Is-Consistent[⌦]
1: if ⌦ resolves to the empty clause then
2: return false
3: else
4: return true
5: end if

Now, we are able to obtain an algorithm for computing whether a fact is existen-

tially ⌦-entailed by a set of data ⇤ and a set of constraints ⌦.

2
Broader classes of logic can be decided by using methods other than resolution. For example, to

determine if a set of universally quantified sentences is consistent, we can the method given in [47].
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Algorithm 4.2 Na

¨

ıve-Algorithm[⇤,⌦,�]
1: for all subsets � of ⇤ do
2: if Is-Consistent(� [ ⌦) then
3: if ¬Is-Consistent(� [ ⌦ [ {¬�}) then
4: return true
5: end if
6: end if
7: end for
8: return false

It is easy to see that the algorithm is correct, as it translates quite directly from

the definition of existential ⌦-entailment. Unfortunately, even in the best case, this

algorithm requires iterating through all subsets of ⇤, the number of which is expo-

nential in the size of ⇤. In the case of a spreadsheet, if there are k cells with values,

this means we need to query all 2k subsets of the values.

We can do better in general by realizing that, to determine whether a fact that

is entailed by some subset of data, there is no need to do brute-force search through

every subset of data. Intuitively, we should intelligently choose what subsets to look

through, ignoring other “irrelevant” subsets altogether.

Example 4.3. Consider ⌦ = {¬p(X) _ ¬q(X) _ r(X),¬p(a) _ ¬q(a)} and ⇤ =

{p(a), p(b), q(a), q(b), s(b)}. Intuitively, when querying for r(b), s(b) is irrelevant, in

the sense that there is no need to consider subsets of ⇤ that contain s(b). Only subsets

that contain p(b), q(b), or r(b) are relevant.

How can we make this intuitive notion of relevance a precise concept? A proof-

theoretic view is of use here. In particular, note that one can prove fact � from

data ⇤ and constraints ⌦ i↵ there is a resolution refutation of ¬� from the clausal

form of ⇤ [ ⌦. Thus, we only need to consider subsets of ⇤ that are used in some

minimal-length resolution refutation of ¬�. Thus, instead of iterating blindly though

all consistent subsets and testing whether they entail �, we can build up a resolution

refutation of ¬�, ensuring that all the premises of the refutation are ⌦-consistent.

A clause with lineage is a 2-tuple h�,�i, where � is a clause and � is a set of

clauses. We will use clauses with lineage to represent the fact that � was derived



CHAPTER 4. EXISTENTIAL ⌦-ENTAILMENT 44

using facts in �.

Using clauses with lineage, we can modify the traditional definition of resolution to

derive only ⌦-consistent conclusions. Suppose that h�,⇤i and h ,�i are two clauses

with lineage. If (1) there is a literal � in some factor �0 of � and a literal ¬ in some

factor  0 of  such that � and  have a most general unifier � and (2) ⇤ [ � [ ⌦
is consistent, then we say that the two clauses � and  ⌦-resolve and that the new

clause with lineage h((�0 � {�}) [ ( 0 � {¬ }))�,⇤ [�i is a ⌦-resolvent of the two

clauses.

A ⌦-resolution derivation of a clause � from a set of clauses with lineage � is a

sequence of clauses with lineage terminating in h�, �i for some � in which each item

is either (1) a member of � (a premise) or (2) the result of applying ⌦-resolution to

earlier items in the sequence.

A sentence � is provable from a set of sentences � by ⌦-resolution if and only if

there is an ⌦-resolution derivation of the empty clause from the set lineage(�,⌦,�),

where lineage(�,⌦,�) is defined as consisting of the following clauses with lineage:

(1) h , { }i, for each  in the clausal form of � such that  is consistent with

⌦;

(2) h , {}i, for each  in the clausal form of ⌦;

(3) h , {}i, for each  in the clausal form of ¬�.

⌦-resolution does what we hope to accomplish - generate all resolution derivations

except those whose premises are not ⌦-consistent.

Theorem 4.8 (Soundness and Completeness). ⇤ |⇡⌦ � i↵ � is provable from ⇤ by

⌦-resolution.

Proof of Theorem 4.8. Let ⇤ and ⌦ be sets of sentences, and let � be a sentence.

We have:

⇤ |⇡⌦ �

i↵ there is an ⌦-consistent subset � of ⇤ such that � [ ⌦ |= �
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i↵ there is a resolution derivation D = h 1, . . . , k

i from the clausal form of

� [ ⌦ [ {¬�} such that  
k

= ;
i↵ there is an ⌦-resolution derivation D0 of ; from lineage(�,⌦,�), where D0 is

exactly D except each resolvent  
i

, 1  i  k has been replaced by a corresponding

clause with lineage  
i

= h 
i

, �i such that the lineage � is (1) ;, if the  
i

is in the

clausal form of ⌦ or ¬�, (2)  
i

, if  
i

is in the clausal form of �, or (3) the union of the

lineages of the clauses that resolve to  
i

, otherwise. (Note that no union of lineages

of clauses can be inconsistent with ⌦ since if a union of lineages of clauses L were

inconsistent with ⌦, then since L is a subset of the clausal form of �, then � must

also be inconsistent with ⌦, which it is not.)

i↵ � is ⌦-derivable from lineage(⇤,⌦,�)

i↵ � is provable from ⇤ by ⌦-resolution. ⇤

We illustrate ⌦-resolution with a few examples. We begin by revisiting Example

4.3.

Example 4.4. Let ⌦ = {¬p(X) _ ¬q(X) _ r(X),¬p(a) _ ¬q(a)} and

⇤ = {p(a), p(b), q(a), q(b), s(b)}. Then we can prove r(b) from ⌦ and ⇤ via ⌦-

resolution:

(1) h¬r(b), {}i (goal)

(2) hp(b), {p(b)}i (premise)

(3) hq(b), {q(b)}i (premise)

(4) h¬p(X) _ ¬q(X) _ r(X), {}i (premise)

(5) h¬q(b) _ r(b), {p(b)}i [2,4]

(6) hr(b), {p(b), q(b)}i [3,5]

(7) h{}, {p(b), q(b)}i [1,6]

Note that the lineage of the empty clause of the proof is {p(b), q(b)}. In particular,

note that s(b) is not included. This illustrates how ⌦-resolution avoids considering

irrelevant subsets of ⇤, as discussed above.

Also, as desired, we cannot prove r(a) from from ⌦ and ⇤ via ⌦-resolution:
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(1) h¬r(a), {}i (goal)

(2) hp(a), {p(a)}i (premise)

(3) hq(a), {q(a)}i (premise)

(4) h¬p(X) _ ¬q(X) _ r(X), {}i (premise)

(5) h¬q(a) _ r(a), {p(a)}i [2,4]

(6) h¬q(a), {p(a)}i [1,5]

⇢⇢(7) (((((((((
h{}, {p(a), q(a)}i ���[1,6]

Step (7) is not allowed since {p(a), q(a)} is inconsistent with ⌦; in particular it is

inconsistent with ¬p(a) _ ¬q(a).

4.5 Related Work

4.5.1 Existential-⌦ Entailment

Existential ⌦-entailment was first introduced in [35]. It was later studied in [30], which

gives a method for transforming a set of clausal constraints ⌦ into an open Datalog

program that, together with a set of data, entails the existentially ⌦-entailed facts for

the data. At a high level, the method consists of (1) computing the resolution closure

⌦⇤,of ⌦, (2) for each contrapositive of each clauses in ⌦⇤, create a corresponding

Datalog rule, and (3) for each of these Datalog rules, append an ⌦-consistency check.

One purpose of the algorithm is syntactic - it transforms the constraints into Dat-

alog. Datalog is well understood and has many known query optimization and view

maintenance techniques [32, 42]. Datalog is also easily translatable into Relational

Calculus, upon which many of today’s broadly used database management systems

are built [1].

A second desirable feature of the algorithm is theoretical. The algorithm refor-

mulates a problem with non-polynomial data complexity (resolution refutation) into

a problem with polynomial data complexity (Datalog evaluation). Although the al-

gorithm may take non-polynomial time in the size of the constraints to produce the

compiled Datalog program, this upfront cost is easily amortized away when querying

large databases.
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The amortized savings comes from (1) precomputing the resolution closure of the

constraints, (2) precomputing the consistency checks, and (3) being able to optimize

queries based upon the precomputed consistency checks. However, these savings

are often not as dramatic in the case of logical spreadsheets, where the size of the

constraints is often proportional to the size of the data, the tables are single-valued,

and the constraints may change more often than in the case of a large database.

4.5.2 Related Consequence Relations

There are a rich variety of paraconsistent logics. The interested reader is referred

to [44] for a recent survey. These logics are generally concerned with modifying the

inference rules of traditional logic so as to avoid concluding nonsense in the face

of inconsistency. There are a few exceptions. In particular, existential entailment,

first defined by [40], is defined as the consequences that are logically entailed by some

consistent subset of a theory. Existential ⌦-entailment can be thought of as existential

entailment with a nondefeasible set of constraints ⌦.

Existential entailment was revisited in [5] and [19] which introduced a family of

argumentative logics, which are subset based. In addition to existential entailment,

argumentative logics include the dual notion of universal entailment, which is defined

to be the consequences that are logically entailed by every maximally consistent subset

of a theory. Other argumentative logics include AF, which is defined as the logical

consequences of the subset of the theory that is free of inconsistencies, and the logic

AR which allows for all logical consequences � of a maximal subset such that ¬� is

not entailed by another maximal subset. [18] gives an algorithm for constructing

arguments in propositional logic using connection graphs.

Defeasible Logic Programming [22] is a logic programming language which parti-

tions the logic program into a set of feasible rules and data and a set of nondefeasible

rules and data. Conclusions for which the negation is not also a conclusion are con-

sidered to be answers.

Consistent query answering is introduced in [3]. Unlike the previously mentioned
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consequence relations, consistent query answering distinguishes between the con-

straints and the data. A consistent query answer is an answer that is entailed in

all minimal repairs of the data.

To understand how the aforementioned consequence relations relate to one an-

other, we can classify them according to following questions:

• Is the consequence relation based on “possible worlds”? In other words, does

the consequence relation consider each consistent subset of the theory or the

data to produce some results and then combine the results in some way? If so:

• Does the consequence relation require that a conclusion is true in every

possible world (it is universal) or just some possible world (it is existen-

tial)?

• Are the possible worlds defined to be subsets of the original data, or are

they defined to be minimal repairs of the original data?

• Does the consequence relation distinguish between constraints and data (in

particular, is it parameterized by constraints and operate on data)? Or does it

treat all sentences equally?

The answers to these questions are summed up in the following table. The table

lists the consequence relations most closely related to existential ⌦-entailment and

describes whether they are universal (8) or existential (9), whether they are subset

or repair-based, and whether the relations consider the constraints separately from

the data, or whether they are treated together in a uniform fashion.

Consequence relation 8/9 Subsets/Repairs Separate/Together

Existential ⌦-entailment 9 Subsets Separate

Existential entailment 9 Subsets Together

Universal entailment 8 Subsets Together

Consistent query answering 8 Repairs Separate
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Dynamics

In Chapter 3, we discussed how it can be ambiguous how to maintain consistency

with the spreadsheet constraints while obeying an update. This lead us to allowing

for updates that result in states that are inconsistent with the spreadsheet constraints,

thus necessitating a paraconsistent entailment capability.

In this chapter, we consider a second possibility: the spreadsheet creator can

provide at design time knowledge about how the spreadsheet should react to updates

so that consistency can be maintained. We design a new logic, called Markov Change

Logic, that allows the spreadsheet creator to explicitly control the dynamic behavior of

the spreadsheet. Markov Change Logic allows the spreadsheet creator to specify how

to avoid inconsistencies, as well as to specify arbitrary dynamic behaviors. Markov

Change Logic is applicable not just to spreadsheets, but to databases as well.

Section 5.1 contains some motivating examples. In Section 5.2 we define Markov

Change Logic. Markov Change Logic specifies database dynamics in terms of adjacent

pairs of database states. In Section 5.3 we give examples of applications of MCL. In

Section 5.4 we show how to convert a set of constraints to Markov Change Logic and

compare Markov Change Logic to other formalisms. In Section 5.5 we explore the

question of whether a Markov language is su�cient for specifying multistep dynamic

constraints. We give a theoretical analysis that shows that the answer is yes, as

long as the database schema may be extended with additional relations. Section 5.6

concludes by discussing related work.

49
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5.1 Motivation

Constraints across three or more spreadsheet cells can lead to several possible ways

to maintain consistency. Consider the following example.

Example 5.1. Consider a spreadsheet with constraints ⌦ = {¬p(X)_¬q(X)_¬r(X)}
and data ⇤ = {q(a), r(a)}, and an update of p(a). To maintain consistency while

accepting the update, one may (1) remove q(a), (2) remove r(a) or (3) remove both

q(a) and r(a).

Without any further semantic knowledge about p, q, and r, there is no way to tell

which of these options is “correct.” In the interest of not throwing away important

information by making an arbitrary choice, we allow instead for the spreadsheet to be

inconsistent with the constraints. We defer all decisions to the spreadsheet user. On

the other hand, if the spreadsheet creator were to specify that whenever p(a) is inserted

and q(a) and r(a) are true, then q(a) should always be deleted and r(a) retained, then

there is no longer any ambiguity, and the spreadsheet can automatically maintain

consistency.

As a less abstract example, consider again the event scheduling spreadsheet from

Section 1.1 that contains values for the start time, end time, and duration of the

event. There are four cells, title, start, end and duration, and two constraints, which

specify that the start time is before the end time and that the start time plus the

duration equals the end time.

As depicted in Figure 5.1(1), the spreadsheet begins with data

{title(”LogicGroupMeeting”), start(1pm), end(3pm)}, from which duration(2hours)

is entailed. If duration(3hours) is then inserted, the spreadsheet becomes inconsis-

tent with the second constraint (Figure 5.1(2a)). However, it would be desirable in

this case to have the spreadsheet instead remove the user’s assertion of the end time as

3pm and then compute the end time as 4pm, thus avoiding the inconsistency (Figure

5.1(2b)).

Similarly, when the start time and duration are specified and the end time is

changed, we would like to leave the start time alone and change the duration to

accommodate the new end time. Finally, when the duration and end time are specified
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Figure 5.1: Creating an event. (1) Currently the start time and end time are set
by the user, and the duration is computed. (2a) Entering in “3 hours” for the event
duration results is an inconsistency because the system is unable to determine whether
to change the start time, the end time, or both. (2b) The state that we would like
the spreadsheet to result in, in which the end time becomes computed rather than
user-specified.
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and the start time is changed, we would like to leave the end time alone and change

the duration appropriately. With these three preferences, we can avoid inconsistency

altogether in the spreadsheet.

In the next section, we define a logic that allows us to express these types of

preferences.

5.2 Markov Change Logic

In this section we define a simple logic that allows one to specify the update behaviors

of databases and spreadsheets. We call our logic Markov Change Logic, or MCL for

short.

Markov Change Logic is designed to be used as part of an update engine in a

database or logical spreadsheet. The intended use is as follows. An update request

(a set of requested insertions and deletions) is generated by an agent. The update

request, the current database state, and the MCL program are fed as inputs to a

Datalog engine. The Datalog engine produces the output base of the MCL program,

which is the output update. The output update is then applied to the database. This

process is illustrated in Figure 5.2.

We now formally define Markov Change Logic. Let D be a database with schema

S. Let S have relation constants R and domain U . Then the Markov Change Logic

for S, written MCL(S), is defined as follows.

We define:

R+ =
def

{r+(X1, . . . , Xk

) | r(X1, . . . , Xk

) 2 R}
R� =

def

{r�(X1, . . . , Xk

) | r(X1, . . . , Xk

) 2 R}

An extension of R+ [ R� is an input update. An extension of R+ is a positive input

update, and an extension of R� is a negative input update.

Next, we define:
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Database

p+(c,c)
q+(b,b,b)
q-(a,b,c)

Input Update

MCL Program

Datalog Engine

p++(b,b)
p++(c,c)

q++(b,b,b)
q--(a,b,c)

Output Update

Update Engine

p(a,b)
p(a,c)
p(b,b)
p(b,d)
p(c,c)

q(a,b,d)
q(b,b,b)

Updated Database

p++(X,Y) :- p+(X,Y)
p--(X,Y) :- p-(X,Y)

q++(X,Y,Z) :- q+(X,Y, Z)
q--(X,Y,Z) :- q-(X,Y,Z)
p++(X,X) :- q+(X,X,X)

p(a,b)
p(a,c)
p(b,d)

q(a,b,c)
q(a,b,d)

Figure 5.2: MCL being used by an update engine to update a database. An input
update, the database, and an MCL program are fed into a Datalog engine. The
output model of the MCL program is the output update. The output update is used
by an update engine to update the database.

R++ =
def

{r++(X1, . . . , Xk

) | r(X1, . . . , Xk

) 2 R}
R�� =

def

{r��(X1, . . . , Xk

) | r(X1, . . . , Xk

) 2 R}
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An extension of R++ [ R�� is an output update. An extension of R++ is a posi-

tive output update, and an extension of R�� is a negative output update. We will

want to apply the output updates to the current state of the database to move to the

next state of the database. To do this, we will need to strip o↵ the ++ and �� from

the output updates. Let O be a set of data. Then we define:

strip++(O) =
def

{r(t1, . . . , tk) | r++(t1, . . . , tk) 2 O}
strip��(O) =

def

{r(t1, . . . , tk) | r��(t1, . . . , tk) 2 O}

We define corresponding operators on a set of data �:

�+ =
def

{r+(t̄) | r(t̄) 2 �}
�� =

def

{r�(t̄) | r(t̄) 2 �}
�++ =

def

{r++(t̄) | r(t̄) 2 �}
��� =

def

{r��(t̄) | r(t̄) 2 �}
strip++(�) =

def

{r(t̄) | r++(t̄) 2 O}
strip��(�) =

def

{r(t̄) | r��(t̄) 2 O}

We also define:

strip(�) =
def

{r(t̄) | r++(t̄) 2 O} [ {¬r(t̄) | r��(t̄) 2 O}

MCL(S) has relation constants R[R+[R�[R++[R��. The domain ofMCL(S)

is U . An MCL program is an open Datalog program with input relations R[R+[R�

and output relations R++ [R��.

We now define the meaning of an MCL program P . If P has schema R, We define

next[P ] be the function that maps a database with schema R [ R++ [ R�� to a

database with schema R, defined as:

next[P ](⇤) =
def

⇤� strip��(⇤) [ strip++(⇤)
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The meaning of an MCL program P is the function:

applyMCL[P ] =
def

next[P ] � P (the function composition of next[P ] and P )

P takes a database as input and computes output update together with the

database. next[P ] then applies the output update to the database.

5.3 Applications

Markov Change Logic can be used to serve many functions in a database. In this sec-

tion, we show that MCL can be used for consistency maintenance, view maintenance,

updates through views, and general database dynamics.

5.3.1 Consistency Maintenance

Consider a spreadsheet with three cells, p, q, and r, and the constraint ¬p(X) _
¬q(X) _ ¬r(X). Say that the spreadsheet currently has data {q(a), r(a)}. An in-

sertion of fact p(a) would lead to the inconsistent state {p(a), q(a), r(a)}. However,

consider the following MCL program:

(1) p++(X) :� p+(X)

(2) q++(X) :� q+(X)

(3) r++(X) :� r+(X)

(4) p��(X) :� p�(X)

(5) q��(X) :� q�(X)

(6) r��(X) :� r�(X)

(7) r��(X) :� p+(X) & q(X) & r(X)

(8) r��(X) :� p(X) & q+(X) & r(X)

(9) q��(X) :� p(X) & q(X) & r+(X)

Rules (1)-(3) state that insertions are successful. Rules (4)-(6) state that deletions

are successful. Rule (7) says that when a value is inserted into p and q and r currently
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Figure 5.3: Creating an event. (1) Currently the start time and end time are set by
the user, and the duration is computed. (2a) By default, entering in“3 hours” for the
event duration results is an inconsistency because the system is unable to determine
whether to change the start time, the end time, or both. (2b) Using a MCL program,
we can instruct the spreadsheet change the end time, resulting in the above state.

have that value, delete that value from r. Rule (8) says that when a value is inserted

into q and p and r currently have that value, delete that value from r. Rule (9) says

that when a value is inserted into r and p and q currently have that value, delete that

value from r.

Applying the MCL program to the state {q(a), r(a)} and the update p+(a) leads

to state {p(a), q(a)}. In fact, assuming that only one cell is updated at a time, the

above MCL program will always ensure the spreadsheet is in a consistent state.

For a more concrete example of consistency maintenance, consider again the event

creation example of Section 5.1, which concerns a spreadsheet with the cells title,

start, end, and duration. We begin with the state shown in Figure 5.3(1), which has

data:

title(”Logic Group Meeting”)
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start(1pm)

end(3pm)

And from which duration(2hours) is computed. Using the standard update seman-

tics brings us to the inconsistent state shown in Figure 5.3(2a). We can revise this

behavior by using the following MCL program:

(1) start++(S) :� start+(S)

(2) end++(E) :� end+(E)

(3) duration++(D) :� duration+(D)

(4) start��(S2) :� start+(S) & start(S2) & S 6= S2

(5) end��(E2) :� end+(E) & end(E2) & E 6= E2

(6) duration��(D2) :� duration+(D) & duration(D2) & D 6= D2

(7) end��(E) :� duration+(D2) & duration(D) & start(S) & end(E)

(8) duration��(D) :� start+(S2) & start(S) & end(E) & duration(D)

(9) duration��(D) :� end+(E2) & end(E) & start(S) & duration(D)

Rules (1)-(3) state that updates are successful, while rules (4)-(6) maintain the single-

valued nature of the cells. Rule (7) states that when the duration is updated and

the start time is already specified, the specified end time is to be erased. Rule (8)

states that when the start time is updated and the end time is already specified, the

specified duration time is to be erased. Rule (9) states that when the end time is

updated and the start time is already specified, the specified duration is to be erased.

Note that this MCL program does not correspond to any set of static constraints as

it resolves the ambiguity of which of two values are to be erased when a third value

is updated.

Now, given the following input update:

duration+(3hours)

Then the output update is:
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duration++(3hours)

end��(3pm)

The result of applying the MCL program to the input update and the database

extension is:

title(”Logic Group Lunch”)

start(1pm)

duration(3hours)

From which, we can compute end(4pm). This state is shown in Figure 5.3(2b). Note

that consistency has been maintained, and furthermore a particular way to maintain

consistency has been specified, namely to delete the end time. For example, if we

changed rule (7) to:

start��(S) :� duration+(D2) & duration(D) & start(S) & end(E)

Then the start time would have been erased instead. Note that built into the MCL

program is an assumption that at most one datum is changed at a time. If this is not

the case, then we could for example change rule (7) to:

end��(E) :� duration+(D2) & duration(D) & start(S) & ¬start�(S) & end(E)

Which would erase the end time unless the start time was being erased anyway.

5.3.2 View Maintenance

It is sometimes useful to materialize, or store, the contents of a database view to

make querying that view more e�cient. Once a view is materialized, it must be
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maintained, or kept consistent with the base relations, as the base relations are up-

dated. Active rules [10] have been used to change to the view relations as the base

relations are changed. MCL programs are a natural declarative language that can be

used to express these changes. By writing the di↵erential formulas detailed in [42] as

MCL programs, one can easily maintain any nonrecursively defined database view.

For example, consider the following view definition:

p(x, y) :� q(x, y) & ¬r(y)

Then the following MCL program maintains the view:

p++(x, y) :� q+(x, y) & ¬r(y) & ¬r+(y)
p++(x, y) :� q(x, y) & ¬q�(x, y) & r�(y)

p++(x, y) :� q+(x, y) & r�(y)

p��(x, y) :� q�(x, y) & ¬r(y)
p��(x, y) :� q(x, y) & r+(y)

The first three rules define when to insert tuples into p. For example, if q(a, b) is

inserted and r(b) is deleted as part of the same update, the third rule will insert

p(a, b). The final two rules define when tuples are to be deleted from p.

5.3.3 Updates Through Views

It is sometimes desirable to make an update to a view directly. As views are de-

fined by their base relations, this means that the base relations themselves must be

changed. Similarly to the problem we discussed in Section 3.2.3, however, it is some-

times ambiguous how to translate an update to a view into an update on the base

relations. For example, consider the following view, which projects out an employee’s

department:

manager(emp,mgr) :� department(emp,mgr, dept)
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Figure 5.4: An empty schedule

If we are to insert a tuple (Eric,Manny) into the manager view, what should we set

the dept of Eric to be in the department table? MCL allows us to write the following

rule, which sets the employee’s department to whatever his manager’s department is:

department++(emp,mgr, dpt) :�manager+(emp,mgr) & department(mgr,m2, dpt)

5.3.4 Database Dynamics

We now turn to an example of when MCL might be used not to enforce consistency,

but to enforce a particular behavior that is better for the end user of the spreadsheet.

Let us return to the event scheduling example of Section 1.1. Recall that the

example involved an administrator whose job was to schedule events by assigning

them a room and a time. The example contained several tables and constraints, but

for our current purposes, we are only concerned with the relationship between the

event table and the schedule table. In the event table, for each event E, there is

(among other things) a cell event.roomE and a cell event.timeE which denote the

room and time for which the event is scheduled to take place. In the schedule table,

for each room R and each time T, there is a cell scheduleT,R that denotes the event
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Figure 5.5: After scheduling e1 Figure 5.6: After changing the time to
the afternoon

scheduled at that time, in any. For each room R , time T, and event E, there is

a constraint scheduleT,R(E), event.timeE(T) ^ event.roomE(R) which relates the

two tables in a 1-to-1 fashion.

Say that the administrator starts with a blank schedule table and an event ta-

ble with the room and time cells also all blank (Figure 5.4). First the administra-

tor sets the value of schedule
morning,g100 to e1, from which event.room

e1(g100) and

event.time
e1(morning) is computed (Figure 5.5). Next, the administrator changes

the time of the event to afternoon in the event table (event.time
e1(afternoon)).

This conflicts with schedule
morning,g100(e1), so it gets erased, which means that

event.room
e1(g100) is no longer computed and disappears (Figure 5.6).

The problem is caused by the fact that the schedule table atomically repre-

sents conjunctions of facts represented by the event table, for example the fact

schedule
morning,g100(e1) corresponds to the conjunction of facts event.room

e1(g100)^
event.time

e1(morning). Using MCL, this is easily remedied. Consider the following

MCL program:
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Figure 5.7: After scheduling e1 Figure 5.8: After changing the time to
the afternoon

(1) event.room++
e1 (R) :�event.room+

e1(R)

(2) event.time++
e1 (T ) :�event.time+

e1(T )

(3) schedule++
morning,g100(E) :�schedule+

morning,g100(E)

(4) event.room��
e1 (R) :�event.room�

e1(R)

(5) event.time��
e1 (T ) :�event.time�

e1(T )

(6) schedule��
morning,g100(E) :�schedule�

morning,g100(E)

(7) event.room��
e1 (R2) :�event.room+

e1(R) & event.room
e1(R2)

(8) event.time��
e1 (T2) :�event.time+

e1(T ) & event.time
e1(T2)

(9) schedule��
morning,g100(E2) :�schedule+

morning,g100(E) & schedule
morning,g100(E2)

(10) schedule��
morning,g100(e1) :�event.room+

e1(R) & schedule
morning,g100(e1)

(11) schedule��
morning,g100(e1) :�event.time+

e1(T ) & schedule
morning,g100(e1)

(12) event.room++
e1 (g100) :� schedule+

morning,g100(e1)

(13) event.time++
e1 (morning) :� schedule+

morning,g100(e1)

Rules (1)-(6) state that updates are successful, while rules (7)-(9) maintain the single-

valued nature of the cells. Rules (10) and (11) erase e1 from the schedule table when

its room or time is set in the event table. Rule (12) sets the value of the room of e1

to g100 in the event table when e1 is chosen as the event in the schedule table in the

morning, g100. Rule (13) does the same for the morning time.

Consider the following input update, applied to the empty schedule depicted in
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Figure 5.4:

schedule+
morning,g100(e1)

Then the output update is:

schedule++
morning,g100(e1)

event.room++
e1 (g100)

event.time++
e1 (morning)

The result of applying the MCL program to the input update and the database

extension is shown in Figure 5.7.

Next the administrator applies the following input update to the resultant spread-

sheet:

event.time+
e1(afternoon)

Then the output update is:

event.time++
e1 (afternoon)

schedule��
morning,g100(e1)

The result of applying the MCL program to the input update and the database

extension is shown in Figure 5.8.

5.4 Converting Constraints to MCL

It is often desirable to modify the behavior of the insertion and deletion operators

defined in Chapter 3 slightly. One way to do this is to convert the operators behavior
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to Markov Change Logic, and then modify the resultant MCL program to reflect the

desired behavior. In this section, we show how to convert the behavior of the update

operators to MCL.

Given a set of spreadsheet constraints ⌦ with a finite resolution closure, we can

convert ⌦ to MCL by following the algorithm Constraints-to-Mcl. Note that,

in particular, monadic constraints always have a finite resolution closure. We also

define some subroutines. Mcl-head and Mcl-body convert literals to their MCL

equivalents in the head and body of a rule, respectively. Mcl-body-literal converts

literals with relation p to literals with relation constant p+. Make-safe takes a

sentence and returns its safe Datalog equivalent. The algorithms rely on a few other

subroutines. Relation takes a literal and returns the relation symbol of the literal.

Arguments takes a literal and returns the arguments of the literal. Cnf takes a

sentence and converts it to clause normal form. Ampersandify takes a conjunction

and replaces ^ with &.

We illustrate the Constraints-to-Mcl algorithm with an example.

Example 5.2. Consider a database with relations p(X), q(X), r(X, Y ), and s(X, Y ),

and the following constraints ⌦:

¬p(X) _ ¬q(X)

¬r(X, Y ) _ q(X)

Then, the resolution closure with subsumption of the constraints is:

¬p(X) _ ¬q(X)

¬r(X, Y ) _ q(X)

¬p(X) _ ¬r(X, Y )

And the output of Constraints-to-Mcl is:

p++(X) :� p+(X)

p��(X) :� p�(X)
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p��(X) :� q+(X)

p��(X) :� r+(X, Y )

q++(X) :� q+(X)

q��(X) :� q�(X)

q��(X) :� p+(X)

r++(X, Y ) :� r+(X, Y )

r��(X, Y ) :� r�(X, Y )

r��(X, Y ) :� r(X, Y ) & p+(X)

s++(X, Y ) :� s+(X, Y )

s��(X, Y ) :� s�(X, Y )

Algorithm 5.1 Mcl-head[�]
Require: � is a literal
1: q := Relation[�]
2: t̄ := Arguments[�]
3: if � has the form ¬q(t̄) then
4: return q��(t̄)
5: else
6: return q++(t̄)
7: end if

Algorithm 5.2 Mcl-body-literal[�]
Require: � is a positive literal
1: q := Relation[�]
2: t̄ := Arguments[�]
3: return q+(t̄)

Constraints-to-Mcl works as follows. Line 1 takes the resolution closure with

subsumption of the constraints. Intuitively, this makes all of the implicit relationships

between relations explicit. Line 2 loops over each relation q in our database. Lines
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Algorithm 5.3 Mcl-body[�]
Require: � is a conjunction of literals
1: write � as �1 ^ . . . ^ �

k

2: return
kV

i=1
Mcl-body-literal[�

i

]

Algorithm 5.4 Make-safe[�(  ]

Require: � is a literal with a �� su�x
Require:  is a conjunction of literals
1: q�� := Relation[�]
2: t̄ := Arguments[�]
3: if �(  is safe then
4: return � :� Ampersandify[ ]
5: else
6: return � :� q(t̄) & Ampersandify[ ]
7: end if

Algorithm 5.5 Constraints-to-Mcl[⌦,Q]
Require: ⌦ is a consistent set of sentences without equality
Require: Q is a set of relations containing the signature of ⌦
Outputs: The MCL program corresponding to constraints ⌦ for relations Q
1: ⌦⇤ := Resolution-With-Subsumption[Cnf[⌦]]
2: for all q 2 Q do
3: print q++(X̄) :� q+(X̄)
4: print q��(X̄) :� q�(X̄)
5: for all d 2 ⌦⇤ do
6: for all negative literals ⇢ 2 d where Relation[⇢] = q do
7: write d as ⇢( �
8: if every non-equality literal in � is positive then
9: print Make-safe[Mcl-head[⇢](Mcl-body[�]]
10: end if
11: end for
12: end for
13: end for
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3 and 4 create MCL rules that state that insertions and deletions of that relation

are successful. Then line 5 loops over each clause in the resolution closure with

subsumption of the constraints. Line 6 loops over each one of these containing a

literal ¬q(t̄). Line 7 rewrites the clause as a rule with ¬q(t̄) in the head. � denotes

the body, which is a conjunction of literals. Line 8 checks whether the rule has no

negations in the body, i.e. it is of the form ¬q(t̄)( p1(t̄1) ^ . . . ^ p
k

(t̄
k

). If so, rule 9

rewrites the rule as the MCL rule q��(t̄) :� p+1 (t̄1) & . . . & p+
k

(t̄
k

).

Example 5.3. Consider a database with two relations, p(X) and q(X, Y ), and a

single constraint, ¬p(X) _ ¬r(X, Y ). Then we call Constraints-to-Mcl with

⌦ = {¬p(X) _ ¬r(X, Y )} and Q = {p, r}. The resolution with subsumption of the

conjunctive normal form of ⌦ is simply itself, so ⌦⇤ = ⌦. Now we iterate through

the relations in Q, namely p and r. We start with relation p. On line 3 we output

p++(X1) : � p+(X1). On line 4 we output p��(X1) : � p�(X1). Then for each

constraint in ⌦⇤, namely ¬p(X) _ ¬r(X, Y ) (line 5), we consider all the negative

literals in ¬p(X)_¬r(X, Y ) with relation p, namely ¬p(X) (line 6). We rewrite the

constraint as ¬p(X)( r(X, Y ) (line 7). Every non-equality literal, namely r(X, Y ),

is positive in the constraint (line 8), so we output p��(X) :� r+(X, Y ) (line 9).

We return to line 2, considering relation r. On line 3 we output r++(X1, X2) :�
r+(X1, X2). On line 4 we output r��(X1, X2) :� r�(X1, X2). We then iterate for

each constraint in ⌦⇤, namely ¬p(X)_¬r(X, Y ) (line 5), considering all the negative

literals in ¬p(X) _ ¬r(X, Y ) with relation r, namely ¬r(X, Y ) (line 6). We rewrite

the constraint as ¬r(X, Y )( p(X) (line 7). Every non-equality literal, namely p(X),

is positive in the constraint (line 8), so we output r��(X, Y ) :� p+(X) (line 9).

We will now prove that the Constraints-to-Mcl algorithm is sound and com-

plete.

Theorem 5.1 (Soundness and Completeness of Constraints-to-Mcl). Let ⌦ be

a consistent set of sentences without equality, and let Q be a set of relation symbols

containing the signature of ⌦. Let ⇤ be a database instance with schema Q, let � be

a set of data that is consistent with ⌦, and let � be a set of data.
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Then ⇤ � � = ApplyMCL[Constraints-to-Mcl[⌦, Q]](⇤ [ �+) and ⇤  � =

ApplyMCL[Constraints-to-Mcl[⌦, Q]](⇤ [ ��).

Proof. Let P = Constraints-to-Mcl[⌦, Q]. We first prove that deletion is trans-

lated correctly, i.e. ⇤ � = ApplyMCL[Constraints-to-Mcl[⌦, Q]](⇤[��). The
only rules that have “minus” literals (i.e. r�(X)) in the body of a rule in P are the

rules q��(X) :� q�(X), for each q 2 Q. Thus, P (��) = ���, and ApplyMCL(��)

= next[P ](P (��))

= next[P ](���)

= ⇤� strip��(���) [ strip++(���)

= ⇤� � [ ;
= ⇤� �

= ⇤ �

Now we prove that insertion is translated correctly, i.e.

⇤�� = ApplyMCL[Constraints-to-Mcl[⌦, Q]](⇤[�+). The only rules that have

“plus” literals in the head of a rule in P are the rules q++(X) :� q+(X), for each

q 2 Q. Thus, strip++(P (�+)) = �. It remains to be shown that strip��(P (�+)) =

{ | � [ ⌦ |= ¬ }. We have:

� [ ⌦ |= ¬�
i↵ {

V
 2�

 } [ ⌦ |= ¬�

i↵ ⌦ |= {
V
 2�

 }) ¬� (by the Deduction Theorem [20])

i↵ 9d 2 ⌦⇤ and a substitution � s.t. d� ✓ CNF[{
V
 2�

 }) ¬�]

(by the Subsumption Theorem (Lemma 4.6))

i↵ Make-safe[Mcl-head[d0](Mcl-body[
V

 2d̄
 ]] 2 P ,

where d can be written as d0 ( d̄, such that d0� ✓ ¬�
which implies that � 2 strip��(P (�+)), as desired.

Going in the other direction, we have:
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� 2 strip��(P (�+))

i↵ there is a rule r 2 P such that strip(r) subsumes � [ ¬�
which implies that strip(r) 2 ⌦⇤

which implies that � [ ⌦ |= ¬�, as desired.

Thus strip��(P (�+)) = { | � [ ⌦ |= ¬ }, and we are done. ⇤
As we discussed a the beginning of this section, the purpose of converting con-

straints to MCL is to then modify it. Consider the following examples.

Our first example illustrates adding a rule to modify the update behavior.

Example 5.4 (Adding rules). We return to Example 5.1. Consider again the spread-

sheet with the constraint ¬p(X) _ ¬q(X) _ ¬r(X). Converting to MCL gives:

p++(X) :� p+(X)

p��(X) :� p�(X)

q++(X) :� q+(X)

q��(X) :� q�(X)

r++(X) :� r+(X)

r��(X) :� r�(X)

If we want to specify that whenever p(a) is inserted and q(a) and r(a) are true,

then q(a) should always be deleted and r(a) retained, we could write the following

additional rule:

q��(a) :� p+(a) & q(a) & r(a)

Our second example illustrates removing a rule to modify the update behavior.

Example 5.5 (Removing rules). Consider the spreadsheet with the constraint p(X),
q(X). Converting to MCL gives:
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p++(X) :� p+(X)

p��(X) :� p�(X)

q++(X) :� q+(X)

q��(X) :� q�(X)

p��(X) :� p(X) & q+(X)

q��(X) :� q(X) & p+(X)

If we wanted to change the behavior so the changing p could modify q but not vice-

versa, we could remove the rule p��(X) :� p(X) & q+(X).

5.5 Dynamic Constraints

Markov Change Logic defines database change physics by mapping the current state

and current update to a set of changes to be applied to the database. The astute

reader might wonder why we are restricting ourselves to this simple case. Why not

also allow the database changes to be based on states the database was in prior to

its current state?

Most generally, we might consider arbitrary dynamic constraints, i.e. constraints

on the evolution of a database. In this section, we give and analyze a formal model

of dynamic constraints. We begin by giving an informal classification of the di↵erent

types of dynamic database constraints. We then make the informal classifications

precise. We then move to the major result of this section, The Markov Reformulation

Theorem, which tells us that we can simulate arbitrary dynamic constraints with

Markov constraints.
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5.5.1 Types of database constraints

In this section, we give an informal overview of the di↵erent types of database con-

straints. In the next section, we make these informal notions precise.

A sequence of consecutive database states is called a history. A static constraint

is a condition that must hold true for each individual state of a database. A dynamic

constraint is a condition that must hold true across two or more states of a database.

Examples of dynamic constraints are “salaries never decrease”, and “relation r is

append-only.”

To help illustrate the di↵erent types of dynamic constraints, we turn to the game

of chess. We will represent the state of a chess match with a database consisting of

a single relation board, which represents the current state of the board. Rows are

represented by the numbers 1-8, and columns by the letters a-h. Piece types are rep-

resented by their names (pawn, king, queen, rook, knight, bishop). Colors are white

and black. One state is:

board(a, 1, rook, white)

board(b, 8, knight, white)

board(e, 1, king, white)

board(e, 8, king, black)

There are a number of constraints on the possible histories of the chess database,

corresponding to the rules of the game. For example, each square has at most one

piece on it. Since this constraint can be expressed on each individual state, inde-

pendent of the rest of the database history, it is a static constraint. There is also a

constraint that states that pieces cannot move onto squares currently holding a piece

of the same color. Since this constraint depends only upon two consecutive states of

the database, it is known as a transition constraint.

A third constraint is the en passant rule of chess, which allows a pawn to capture an

opposing pawn that has just moved forward two squares as if the pawn had only moved

forward one square, but only during the move immediately following the opposing

pawn’s move. This can be captured with a constraint that relates three consecutive
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database states. We call such constraints k-deep dynamic constraints, where in this

case k=3.

A final constraint states that a player cannot castle if either the rook or the king

involved have previously moved. Since this constraint can depend on states arbitrarily

far in the past, it is a pure dynamic constraint.

5.5.2 Formal definitions

We now give formal definitions of the concepts intuitively explained in the previous

section.

Database Histories

A database history is a sequence of database states. Histories always have a start

state and may be finite or countably infinite. For example,

h{p(a, b), r(a)}, {p(a, b), q(c, d, e), r(b)}, {p(a, b), q(c, d, e)}i is a history of length 3.

The initial state of a database history is the first element of the history.

A subhistory of a database history is a consecutive subsequence of the history.

A prefix of a database history is a subhistory of the history that includes the ini-

tial state of the history. An n-ary prefix is a prefix of length n.

A transition is a database history of length 2.

Database Constraints

A static constraint for a database is a set of states of the database. States that are in

the set are considered valid, while states that are not in the set are considered invalid.

A dynamic constraint for a database is a set of database histories for the database.
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A history h is valid with respect to a dynamic constraint c i↵ h is a prefix of some

history in c, otherwise h is considered to be invalid. For example, given the dynamic

constraint {h{p, q}, {p, r}, {s}i, h{q, r}, {s, t}, {s}i}, the history h{p, q}, {p, r}, {s}i is
valid but h{p, r}, {s}i is invalid.

The dynamic representation of static constraint c is a dynamic constraint JcKstatic

where a history is in JcKstatic i↵ the states of the history are in c.

A finite-depth constraint for a database is a set of sequences of database states of

length k, for some integer k � 1, known as the depth. The dynamic representation

JcKdepth of a finite-depth constraint c of depth k is a dynamic constraint where a his-

tory h is in JcKdepth i↵ all n-length subsequences of h are in c.

A transition constraint for a database is a finite-depth constraint of depth 2.

An initial-state constraint for a database is a static constraint. The dynamic rep-

resentation of an initial-state constraint c is a dynamic constraint JcKinitial where a

history h is in JcKinitial i↵ the initial state of h is in c.

The dynamic representation of a set of dynamic constraints C is a dynamic con-

straint JCK\ such that h 2 JCK\ i↵ h is in every c 2 C.

If a dynamic constraint c is the dynamic representation of a constraint c0, we say

that c is equivalent to c0.

A dynamic constraint c0 for a database with schema R0 and universe U 0 maintains

a dynamic constraint c for a database with schema R ✓ R0 and universe U ✓ U 0

i↵ there is a surjection m from c0 to c such that for each history h0 = hs01, . . .i 2 c0,

m(h0) = hs1, . . .i is a history of the same length as h0, such that for each i, 1  i 
Length(h), the restriction of s0

i

to R and U equals s
i

. A set of dynamic constraints

C 0 maintains a set of constraints C i↵ JC 0K\ maintains JCK\.
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A history is a valid prefix of a dynamic constraint i↵ it is a prefix of some history in

the dynamic constraint.

5.5.3 The Markov Reformulation Theorem

Static constraints are the simplest of all the classes of constraints given in the previous

section, as they only consider individual database states. Transition constraints are

the next simplest, as they consider only consecutive pairs of states. Beyond this, we

have constraints that relate 3 consecutive states or more (including countably infinite

numbers of states).

The natural question that arises after defining these classes of constraints is, are

they all necessary? For example, in the chess example from Section 5.5.1, we formu-

lated the castling rule as a pure dynamic constraint, using only the board relation.

However, there is nothing inherent about the castling rule of chess that requires it

to be formulated as a pure dynamic constraint. Indeed, we could introduce a new

database relation called piecemoved that keeps track of whether a piece has moved

previously. Given this modified schema, we can reformulate our castling constraint

into a transition constraint.

It turns out that, as long as the database schema can be extended with auxiliary

relations like piecemoved, it is always possible to maintain a set of dynamic constraints

with a transition constraint and an initial state constraint. We give a proof of this

below. This is an important result, as it motivates our choice of Markov Change

Logic for expressing database dynamics.

We begin with a few definitions that will allow us to compactly express our theo-

rem. We write hR,U,Ci for a database with schema R, universe U , and constraints

C. If hR,U,Ci is a database and s0 is a state of database hR0, U 0, C 0i such that R ✓ R0

and U ✓ U 0, the restriction of s0 to R is the database state s such that r(t̄) 2 s i↵

r(t̄) 2 s0 and r 2 R. We say that s0 extends s from R i↵ s is the restriction of s0 to R.

We say that a database D0 = hR0, U 0, C 0i is a reformulation of a database D =
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hR,U,Ci i↵ (1) R ✓ R0, (2) U ✓ U 0, (3) C 0 maintains C. A database D = hR,U,Ci
is Markov i↵ C is equivalent to a transition constraint and an initial state constraint.

We say that a database D0 = hR0, U 0, C 0i is a Markov reformulation of a database

D = hR,U,Ci i↵ D0 is a reformulation of D and D0 is Markov.

We are now ready to state the theorem.

Theorem 5.2 (Markov Reformulation). For every database D = hR,U,Ci, there is

a database D0 = hR0, U 0, C 0i such that (1) R ✓ R0, (2) U ✓ U 0, (3) C 0 is equivalent

to a transition constraint and an initial state constraint, and (4) C 0 maintains C.

We will give a constructive proof. Before delving into the proof, we first give an

example reformulation that illustrates the construction we will use in the proof.

Example 5.5. Consider the following database:

Let R = {r}
Let U = {a, b, c, d}
Let C = {{ h{r(a)}, {r(b)}, {r(c)}i, h{r(a)}, {r(b)}, {r(d)}i, h{r(c)}, {r(b)}i }}
Let D = hR,U,Ci

Note that C consists of three histories. The first and the second are of length 3

and the last is of length 2. In each database exactly one fact is true, either r(a), r(b),

r(c), or r(d).

We will simulate each history h in C with an initial state constraint and a transition

constraint. To do this, we break apart each history into its component transitions,

and mark where each transition is applicable by keeping track of (1) how deep the

transition appears in the history, using a new counter relation timestep, and (2) the

previous states of the r relation, kept in a new relation r0.

Let R0 = {r, r0, timestep}
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Let U 0 = {a, b, c, d, 1, 2, 3}

Let initial = {{timestep(1), r(a)},
{timestep(1), r(c)}}

Let transition = {
{h{timestep(1), r(a)},

{timestep(2), r0(a, 1), r(b)}i,
{h{timestep(2), r0(a, 1), r(b)},

{timestep(3), r0(a, 1), r0(b, 2), r(c)}i,
{h{timestep(2), r0(a, 1), r(b)},

{timestep(3), r0(a, 1), r0(b, 2), r(d)}i,
{h{timestep(1), r(c)},

{timestep(2), r0(c, 1), r(b)}i}

Let C 0 = {JinitialKinitial, JtransitionKdepth}

Then (1) R ✓ R0, (2) U ✓ U 0, (3) C 0 is equivalent to a transition constraint and

an initial state constraint, and (4) C 0 maintains C. ⇤

We are now ready to give a formal proof of the theorem.

Proof of Theorem 5.2. We give a constructive proof, by generalizing the construc-

tion we used in Example 5.5. For each relation r in R with arity m, let r0 be a new

relation with arity m+ 1, and let R⇤ be the set of these new relations. Let timestep

be a new relation with arity 1. Let N be the set of positive integers.

Let R0 = R [R⇤ [ {timestep}.
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Let U 0 = U [ N.

Let c = JCK\.

Given a database state s and a positive integer k, defineArchive[s, k] as {r0(t̄, k) | r(t̄) 2
s}. For example, given database stateArchive[{r(b), s(c, d)}, 2] = {r0(b, 2), s0(c, d, 2)}.

For each history h = hs1, . . .i 2 c, let h0 = hs01, . . .i be a history of the same

length as h such that each s0
k

, l  k  Length(h), is defined as {timestep(k)} [

(
k�1S
i=1

Archive[s, i]) [ s
k

. For example, for history hs1, s2, s3i = h{r(a)}, {r(b)}, {r(c)}i,

s03 = {timestep(3), r0(a, 1), r0(b, 2), r(c)}.

Now, let c0 = {h0 | h 2 c}

Let C 0 = {c0}

Let D0 = hR0, U 0, C 0i.

Defining m as a function from c0 to c such that m(h0) = h, we have that m is a

surjection from c0 to c such that for each history h0 = hs01, . . .i 2 c0, m(h0) = hs1, . . .i
is a history of the same length as h0, such that for each i, 1  i  Length(h), the

restriction of s0
i

to R and U is s
i

. Thus c0 maintains c, and therefore C 0 maintains C.

It remains to be shown that C 0 is equivalent to a set of initial state constraints

and a set of transition constraints.

For each h0 2 c0, let h0[init] = {s01}, and let h0[trans] be the set of transitions of

h0.

Let I 0 =
S

h

02c0
h0[init]. Let T 0 =

S
h

02c0
h0[trans].
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Let C⇤ = {JI 0Kinitial, JT 0Kdepth}

Let c⇤ = JC⇤K\

We claim that c⇤ = c0. We first show that c0 ✓ c⇤. Say that h0 2 c0. Since ev-

ery transition of h0 is in h0[trans], and since the start state of h0 is in h0[init], we see

that h0 2 c⇤ as well. Thus c0 ✓ c⇤. We next show that c⇤ ✓ c0. Say that h⇤ 2 c⇤. Say

for the purpose of contradiction that h⇤ 62 c0. Then there must be some finite prefix

of h⇤ that is not a prefix of some history in c0. Let p⇤ = hp⇤1, . . . , p⇤
k

i be the shortest

prefix of h⇤ such that p⇤ is not a prefix of some history in c0. If p⇤ is of length 1,

then p⇤1 2 I 0 and thus p⇤1 is the initial state of some history in c0, and p⇤ is a prefix

of some history in c0, a contradiction. Thus p⇤ is of length at least 2. Since p⇤ is the

shortest prefix of h⇤ such that p⇤ is not a prefix of some history in c0, it must be that

p� = hp⇤1, . . . , p⇤
k�1i is a valid prefix of some h0 2 c0. Furthermore, there must be a

transition hp⇤
k�1, p

⇤
k

i 2 T 0. But then p⇤
k

= h0
k

[ {timestep(k)} [ (
k�1S
i=1

Archive[h0, i]).

Thus p⇤ is a prefix of h0, and we have a contradiction. Thus h⇤ 2 c0, and so c⇤ ✓ c0.

Since c⇤ ✓ c0 and c0 ✓ c⇤, c⇤ = c0. Thus JC⇤K\ = JC 0K\. Since C⇤ is equivalent to a

set of initial state constraints and a set of transition constraints, so is C 0.

Thus D0 = hR0, U 0, C 0i is a database with constraints such that (1) R ✓ R0, (2)

U ✓ U 0, (3) C 0 is equivalent to a transition constraint and an initial state constraint,

and (4) C 0 maintains C. Since D was arbitrary, we have proved the claim. ⇤

5.6 Related Work

In this section, we explore the relationship of Markov Change Logic to other for-

malisms. We begin with a comparison to Event-Condition-Action Rules, followed by

a summary of Logic Programming approaches to database update. We then explore

in detail the relationship MCL has to a closely related formalism, Abstract State

Machines.
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5.6.1 Event-Condition-Action Rules

Markov Change Logic plays a similar role to Event-Condition-Action (ECA) rules in

databases [17]. ECA rules look quite a bit like MCL rules. They are triggered by

an event (a database update), check for a condition in the current database, and if

the condition is true an action is fired. The action could be additional insertions or

deletions, or also could include other actions with side e↵ects such as notifications.

Thus, ECA rules are more general than MCL programs, which can only insert and

delete tuples from the database.

ECA rules have a procedural semantics. ECA rules are processed one at a time,

and the e↵ects of one rule might trigger other rules. Infinite loops are possible.

The processing of a set of ECA rules terminates if, given any initial database state,

the execution of the rules does not continue indefinitely; it is confluent if, for any

initial database state, the final state is not influenced by the order of execution of the

rules. In general, it is undecidable if a set of ECA rules terminates and is confluent

[4, 16]. In comparison, the processing of a set of MCL rules using a Datalog engine

always terminates and is always confluent. MCL can be thought of as a declarative

alternative to ECA rules, which have a procedural semantics.

5.6.2 Logic Programming Approaches

There are a number of formalisms developed for updating databases. In this section,

we describe attempts to extend Datalog or its close cousin, Prolog, with new update

operators. Unlike MCL and ECA rules, the updates described by these formalisms

are not triggered by update requests. Instead, they are triggered by explicit invoca-

tion. A typical Logic Programming update program looks like the following:

doupd(X, Y, Z) :� foo(X, Y ) & bar(Y, Z) & assert(baz(X, Y )) & retract(qux(X,Z))

foo(X, Y ) :� quux(X, Y, a)

Where assert and retract insert and delete sentences from the database. In these

languages, queries are treated as special cases of updates that have no side e↵ects.
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The formalisms di↵er in their exact syntax of course, but more significantly their

semantics di↵er. The semantics of these approaches is a sequence of databases, each

resulting from a insertion/deletion of a sentence or set of sentences. This di↵ers from

MCL, which defines a single set of insertions and deletions which is used to move the

database to a single next state.

Prolog [15] is a procedural programming language that allows for functional terms

in addition to relation constants. Prolog itself contains the operators assert and

retract which allow for the dynamic insertion and deletion of individual facts and

rules from the program, as well as assertall and retractall which allow for bulk

insertions and deletions of facts and rules. Dynamic Logic Programming (DLP) [39]

is an extension of Prolog that supports rollback for transactions - conditions can be

checked at any time during a transaction and, if they are false, the database is left

unchanged from its original state.

Abiteboul and Vianu [2] describe a family of update languages, ranging from

procedural to declarative, from deterministic to non-deterministic. Some of these

languages have iteration constructs, and some have constructs for producing new

entities. The procedural languages allow for both insertions or deletions, whereas the

declarative languages only allow for insertions.

DatalogA [41] is an extension of Datalog that allows for the insertion and deletion

of tuples from the database. Like in Prolog, the extensions to Datalog are procedural.

Insertions and deletions are executed tuple-at-a-time as they are evaluated, allowing

for iteration constructs. DatalogU [38] is another extension of Datalog that has

extensions for insertions and deletions of tuples. DatalogU has a similar syntax to

DatalogA but has a set-based update semantics, as opposed to the tuple-at-a time

semantics of DatalogA. Chen [13] gives another extension of Datalog that allows bulk

updates, non-deterministic semantics and hypothetical reasoning.

Transaction Logic (T R) [7] is a logic that allows for declarative modeling and rea-

soning about state transitions in databases. Transaction Logic has both a declarative

and an executional semantics. T R allows for arbitrary sentences to be expressed, but

it also has a Horn fragment that allows for Datalog-style programs that can be used

to compute the next state of a database from the current state. For example, here
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is a T R program called doit that inserts p(a) into a database and then deletes q(b)

from a database:

doit :� p.ins(a)⌦ q.del(b)

Here, p.ins and q.del are elementary transitions, where a transition represents a

mapping from database states to database states. So, for example p.ins(a) maps

each database state D into a database state D [ {p(a)}, and q.del(b) maps each

database state D into a database state D� {q(b)}. Arbitrary elementary transitions

can be defined; for example elementary transitions that insert and delete multiple

tuples concurrently are possible. The serial conjunction operator ⌦ orders elementary

transitions into sequences. So, the T R program above, when applied to a database

D0, first brings the database into the state D1 = D0[ {p(a)}, and then into the state

D2 = D1 � {q(b)}. In T R, the elementary transitions are opaque and atomic and so

they cannot be combined into new transitions.

T R is a very powerful and very general formalism. T R can be used to reason

about transactions over arbitrary structures, not just databases, and it can be used

to express complex non-Markov constraints over those structures. It allows for trans-

actional rollback and nondeterministic transactions. However, this power does come

at the cost of complexity - a T R theory is defined not just by logical sentences, but

also requires the definition of several oracles. The state data oracle defines the struc-

tures which T R reasons over, and the state transition oracle defines the elementary

transitions which T R uses to transition from one state to another. Both states and

transitions are opaque in T R and cannot be compared or combined, only serialized.

MCL can be used to define elementary transitions for the state transition oracle.

Thus, MCL and T R are complimentary formalisms.

5.6.3 Abstract State Machines

Other than ECA rules, the most closely related formalism to MCL is the Abstract

State Machine. In this section, we give a theoretical comparison of MCL and Abstract



CHAPTER 5. DYNAMICS 82

State Machines. We will show that MCL is more expressive than ASMs without

import constructors (which allow for the nondeterministic introduction of symbols

into the language).

In first-order logic, an algebra is a structure without relations. Abstract State

Machine (ASM) [27] is a mathematical system which describes dynamic algebras in

a fashion similar to how Markov Change Logic describes dynamic databases.1 An

ASM is specified by an algebra and a set of transition rules. The transition rules

completely specify the next state of an algebra given the current state of the algebra.

ASMs allow for external functions that change from state to state and are meant to

represent inputs into the system.

There are many variations of the ASM model. Here we focus on Sequential ASMs,

which are the most basic type of ASM and allow for ground transition rules, and

Parallel ASMs, which allow for variables in the transition rules. A formal definition

of ASMs can be found in Appendix 3.

ASMs and MCL have several analogous components, shown in the following table:

MCL ASMs

Database State Structure

Relation Function

Entity Nullary function

Datalog Rule Update rule

Datalog Program ASM Program

Both ASMs and MCL have Markov update semantics, and both define changes

to the current state and define the new state as the current state modified by the

changes. Also, both ASMs and MCL fire all of their rules in parallel rather than

one after another, as for example is done with Event-Condition-Action rules in active

databases.

In Appendix 2, we prove that MCL is more expressive than ASMs without import

constructors (which allow for the nondeterministic introduction of symbols into the

1
Abstract State Machines were formerly known as evolving algebras.
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Table 5.1: Database Physics Formalisms

Formalism P
ro
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ra
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/
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d
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R
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MCL Declarative Deterministic Yes Single Step No
ECA Rules [17] Procedural Nondeterministic Yes Mutltistep Yes
Transaction Logic [7] Declarative Nondeterministic Yes Mutltistep Yes
ASMs [27] Declarative Deterministic Yes Single Step No
Prolog [15] Procedural Deterministic Yes Multistep No
DLP [39] Procedural Deterministic Yes Multistep Yes
DatalogA [41] Procedural Deterministic No Multistep No
DatalogU [38] Procedural Deterministic Yes Multistep No
Chen [13] Procedural Nondeterministic Yes Multistep No
Abiteboul and Vianu [2] Both Both Yes Both No

language).

5.6.4 Summary

We summarize related work with the following table. We consider whether each

approach is procedural or declarative, whether it is deterministic or nondeterministic,

whether the approach allows for bulk updates or just tuple-at-a-time updates, and

whether the approach allows for multi-step operations or just single-step operations

to be defined, and whether the approach allows for rollback or not.
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Websheets

In this chapter we describe an implementation of a logical spreadsheet system called

Webcell. Webcell is a Javascript library and can be used to turn Web pages into

logical spreadsheets, or Websheets. We explain how Webcell is implemented and how

it can be used. We also describe the application of Webcell to the Stanford Computer

Science Master’s Program sheets.

6.1 Webcell

Webcell consists of a single Javascript library.1 It can be used to turn any Web

page into a Web-based logical spreadsheet. Deploying Webcell is simple: import the

library into the Web page via a <script> tag, and place a set of static constraints

and MCL rules into a <div> with a special id. Upon page load, Webcell parses the

constraints and MCL rules, places them in data structures, and assigns a callback

function to each cell in the Web page that is called any time the value in that cell is

changed. That function calculates the propagated values using a bottom-up Datalog

computation and then assigns the calculated values to the appropriate cells.

The HTML for a simple Web page that uses Webcell is shown in Figure 6.1. The

Web page consists of a form containing three text fields, with ids p, q, and r. There

1
In case the reader is curious: Webcell contains about 1500 lines of code. It took about two

man-months to develop.

84
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<html>

<head>

<title>Webcell Example</title>

<script type='text/javascript' src='webcell.js'></script>

</head>

<body onload='initialize()'>

<form>

<input type='text' id='p'/>

<input type='text' id='q'/>

<input type='text' id='r'/>

</form>

<div id='rules'>

illegal :- val(p,a) & val(q,a)

val(style(p,color),green) :- val(p,b)

pos(r,X) :- minus(p,X)

</div>

</body>

</html>

Figure 6.1: HTML for a simple Websheet

are three rules. The first states that p cannot have value a at the same time that q

has value a. Placing value a into p and then placing value a into cell q will result

in value a being automatically removed from cell p, and vice versa. The second rule

states then when p has value b, then the color of p is green. The final rule states

that when a value is removed from cell p, the value of r is changed to be that value.

Finally, a call to initialize is made after the page is loaded. This loads the rules

and initializes the state of the Websheet.

6.1.1 Rule Syntax and Semantics

As usual, variables start with capital letters while entities and relations start with

lowercase letters or numbers.

There are three basic types of rules in Webcell: illegalities, views, and MCL rules.

Illegalities implement categorical deletion. An example illegality is:



CHAPTER 6. WEBSHEETS 86

illegal :- val(p,a) & val(q,a)

This rule states that it is incompatible for p to have value a at the same time that q

has value a. If value a is inserted into cell p when q currently has value a, then a is

deleted from cell q, and vice versa.

Views define values of cells in terms of other values. For example:

val(p,X) :- val(q,X) & val(r,a)

This defines the value of p to be the value of q whenever r has value a.

MCL rules define dynamic changes in response to insertions and deletions. For ex-

ample:

pos(r,X) :- minus(p,X)

This has the e↵ect of setting the value of r to whatever value is deleted from p.

Negation is allowed, using the ⇠ operator. For example:

val(p,X) :- val(q,X) & ⇠val(r,a)

This defines the value of p to be the value of q whenever r does not have value

a.

Rules have standard Datalog semantics, with the exception that the lack of a value in

a cell is considered an unknown. Since cells are single-valued, then, ⇠r(a) is consid-

ered true whenever r has a value that is not a. If r is empty, ⇠r(a) is not considered

true or false. The blank keyword is used to indicate that a cell is currently blank.
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For example:

val(p,X) :- val(q,X) & val(r, blank)

This defines the value of p to be the value of q whenever r is empty.

Accessing the Document Object Model

The Document Object Model, or DOM, is the data structure in which page elements

are accessed in a browser [55]. The DOM contains all Web page information such as

form values, static text, object attributes, and visual styles such as colors and fonts.

Webcell allows any element in the DOM that has an id to be treated as a cell. For

form fields such as text fields, drop down lists, and checkboxes, the value of the

cell is the value of the form field. For DOM elements such as divs without a value

attribute, the value of the cell is the elements’ innerHTML property.

Webcell also allows access to an element’s style and attribute properties. For

example, the following disables a button p when q is empty:

val(attribute(p, disabled),yes) :- val(q, blank)

The following sets the color of p to red when q, r, and s have the same value:

val(style(p,bgColor),red) :- val(q,X) & val(r,X) & val(s,X)

Procedural attachments

A procedural attachment is a relation that is interpreted rather than explicitly stored.

Procedural attachments are useful for implementing infinite relations such as addition

or the “greater than” relation. Webcell allows any Javascript function to be used as
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a procedural attachment. Procedural attachments are implemented using two key-

words, evaluate and execute.

execute is used to execute a Boolean function. If the function returns a value that is

interpreted as true in Javascript, the execute literal is interpreted as true; otherwise,

it is interpreted as false. For example:

val(p,X) :- val(q,X) & val(r,Y) & execute(geq(X,Y))

This defines the value of p to be the value of q whenever the value of q is greater or

equal than the value of r.

evaluate is used to evaluate a function that returns a value. For example:

val(p,Z) :- val(q,X) & val(r,Y) & evaluate(plus(X,Y),Z)

This defines the value of p as the sum of cells q and r.

6.1.2 Structured cell names

It is sometimes useful to write rules that apply to many cells. In Webcell, we can

achieve this functionality by using structured cell names, which are cell names that

are structured as functional terms. Examples of structured cell names are q(3),

schedule(morning,g100), and p(g(a,b),c,d). There is no limit to the depth of

the structure or on the arity of the structured term. Structured cells names are

assigned to cells as usual. For example, a div with cell name q(3) would be written

<div id=’q(3)’>.

Webcell treats rules containing structured cells as rule schemas. For each instan-

tiation of the variables contained in a structured cell term, a rule is created. So, for

example, consider the rule:



CHAPTER 6. WEBSHEETS 89

val(p(X),Y) :- val(q,Y)

Given a spreadsheet with cells p(a), p(b), p(c), and q, Webcell would transform

the rule into three rules:

val(p(a),Y) :- val(q,Y)

val(p(b),Y) :- val(q,Y)

val(p(c),Y) :- val(q,Y)

Using structured cell names, it is easy to write the room manager constraints of

Figure 1.2 concisely. For example, a rule defining the schedule table as a view of the

event table would look like:

val(schedule(T,R),E) :- val(event.time(E),T) & val(event.room(E),R)

Structured cells were also used in the logical spreadsheet PrediCalc [35]. Structured

relation names can be found in the logic programming language HiLog [14].

Formal Syntax

Figure 6.2 gives the Bachus–Naur form for the Webcell rules. Additionally, we require

that the rules are safe.

6.2 Application: Program Sheets

We now turn to a deployed application of Webcell. The application is a Websheet

used to help students create their course plans for their master’s degrees in computer

science at Stanford. It contains constraints which encode the graduation requirements

of the program.
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hrulei ::= hillegalRulei | hviewRulei | hmclRulei
hillegalRulei ::= illegal :- hillegalBodyi
hviewRulei ::= hvali :- hviewBodyi
hmclRulei ::= hplusRulei | hminusRulei
hplusRulei ::= hstatici hplusi hstatici
hminusRulei ::= hstatici hminusi hstatici
hillegalBodyi ::= hvalLiterali hattachmentsi & hvalLiterali hattachmentsi
hviewBodyi ::= hstatici⇤
hmclHeadi ::= hposi | hnegi
hvalLiterali ::= hvali | ⇠ hvali
hvali ::= val( hstructuredCelli , hargumenti )
hattachmentsi ::= (& hattachmentLiterali)⇤
hattachmentLiterali ::= hattachmenti | ⇠ hattachmenti
hattachmenti ::= hexecutei | hevaluatei
hstatici ::= (hvalLiterali | hattachmentLiterali)⇤
hposi ::= pos( hstructuredCelli , hargumenti )
hnegi ::= neg( hstructuredCelli , hargumenti )
hplusi ::= plus( hstructuredCelli , hargumenti )
hminusi ::= minus( hstructuredCelli , hargumenti )
hexecutei ::= execute( hconstanti ( hargumentListi ))
hevaluatei ::= evaluate( hconstanti ( hargumentListi ), argument )
hstructuredCelli ::= hargumenti | hconstanti ( (hstructuredCelli)+ )

hargumentListi ::= hargumenti (& hargumenti)⇤
hargumenti ::= hconstanti | hvariablei
hvariablei ::= huppercaseLetteri (htokeni)⇤
hconstanti ::= hconstantStarti (htokeni)⇤
hconstantStarti ::= hlowercaseLetteri | hdigiti | hpunctuationi
htokeni ::= hletteri | hdigiti | hpunctuationi
hletteri ::= huppercaseLetteri | hlowercaseLetteri
huppercaseLetteri ::= A | . . . | Z
hlowercaseLetteri ::= a | . . . | z
hdigiti ::= 1 | . . . | 9
hpunctuationi ::= | . | -

Figure 6.2: Bachus–Naur Form for Webcell rules
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6.2.1 Background

By the end of their first quarter, students enrolled in the Master of Science in Com-

puter Science (MSCS) Program are required to submit a MSCS program sheet and

have it approved by their advisor and the MSCS program administrator. A MSCS

program sheet is a plan that details the courses that the student is to take before

graduation.

It is the job of the student’s advisor to ensure that his students’ program sheets

are filled out properly, to approve modifications to the standard program, and to

determine whether courses taken elsewhere satisfy the requirements. The MSCS

program coordinator double checks that the program sheets are properly filled out,

approves serious deviations from the standard program, and more generally oversees

the entire process, overseeing the content of the the program sheets and making sure

that all students get their program sheets filled out on time.

Currently about 80 people use the online program sheets - about 70 students,

10 professors, and the MSCS program coordinator. This represents all of the active

MSCS advisors and about half of the active students.

Prior to the introduction of the online program sheets, all program sheets were

paper forms. While functional, this had several drawbacks:

• All parties had to be physically present view and approve program sheets. If, for

example, an advisor is traveling, he is unable to approve his students’ program

sheets.

• It was di�cult to manage the process. With paper sheets, it was di�cult for

advisors to keep track of what the status of each student’s sheet is, or even to

know what his current list of students is.

• Validation was di�cult. There are many rules which must be followed and

requirements that must be satisfied. It was easy to miss a requirement, break

a rule, or make an arithmetic error.

The first two drawbacks are remedied by bringing the program sheets online. The

last one is remedied by making them logical spreadsheets.
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Figure 6.3: Foundations requirements for a Stanford Computer Science Master’s Pro-
gram sheet. The Probability requirement is red as it is unfulfilled.

6.2.2 Implementation

MSCS program sheets consist of several sections, each with its own set of require-

ments. We will describe the first section, Foundations, in detail. The other sections

are similar.

Figure 6.3 shows the Foundations section of a Master’s Program sheet. The Foun-

dations section has 5 required topics for which the student is required to take a course

in, such as Probability, Algorithmic Analysis, and Principles of Computer Systems.

The student can either take a course at Stanford to fulfill the requirement, or the stu-

dent can petition to substitute an equivalent course he took elsewhere. For example,

a student must choose exactly one of CS 109, STATS 116, CME 106, or MS&E 220

to fulfill the Probability requirement.

This can be represented with the following rules. For each combination of courses,

there is a rule stating that at most one can be chosen to fulfill the probability re-

quirement. This is done with a set of rules like:

illegal :- val(prob cs109,yes) & val(prob stats116,yes)
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This states that CS 109 and STATS 116 cannot both be chosen to fulfill the Probabil-

ity requirement. Furthermore, to alert the user in case the requirement is unfulfilled,

the following rule is in place:

val(style(probability prompt,color),red) :- val(prob cs109, blank) &

val(prob stats116, blank) & val(cme106, blank) & val(mse220, blank)

The Foundations section also contains the total of the number of units taken, up

to a maximum of 10 units. This is accomplished with rules like the following. First,

a number of units for each course taken is computed. If that total is given explicitly,

we use it; otherwise we define it to be zero:

val(prob units,X) :- val(num prob units,X)

val(prob units,0) :- val(num prob units, blank)

The total number of foundations units is then defined as follows:

val(foundations total,Z) :- val(logic units,X1) & val(prob units,X2)

& val(alg units,X3) & val(org units,X4) & val(systems units,X5)

& evaluate(plus(X1,X2,X3,X4,X5),Y) & evaluate(max(Y,10),Z)

There are also some dynamic rules. When a value is entered for the Equivalent

Elsewhere, the Units field for that requirement is set to 0. For example:

pos(prob units,0) :- plus(prob eqiv,X)

The rules are generated automatically in code, generated based upon a database

of the MSCS requirements.
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6.3 Related Work

There are two basic styles in which form validation is done in Web pages. In the

“submit and refresh” style of validation, if a form is submitted with invalid data,

the submission is rejected and a list of errors is presented to the user, who may

then make changes and submit again. Alternatively, a form can provide immediate

feedback to the user, bringing attention to constraint violations in real-time via inline

messages. The later approach has several advantages over the former, including faster

form completion, greater completion rates, decreased error rates, and higher user

satisfaction [56].

Logical spreadsheets are a natural way to implement real-time form validation.

Besides Webcell, there are several other Javascript toolkits on the Web that can

be used to do real-time validation of data, e.g. the jQuery validation plugin2 and

LiveValidation3. Like WebCell, these toolkits provide instant validation of user input;

however they do so by using JavaScript callback functions, and do not contain built-in

support for declarative constraints. The WUI framework [28] allows for declarative

type constraints to be declared, and for the constraints to be validated both client-side

and server-side. However, WUI does not provide instant feedback as the user makes

changes to the form, providing feedback only as the form is submitted. Furthermore

it only allows for type constraints (though these may span multiple fields, e.g. a date

picker composed of inputs for the day, month, and year), and not for general semantic

constraints. PowerForms [9], is a toolkit that provides instant semantic constraint

checking of Web forms. It has an XML-based language that can be used to write

complex rules that define whether a field is currently valid, depending on the current

values of other fields. Its constraint language is less expressive than that Webcell’s

constraint language, as it is lacking variables. Thus a simple constraints such as “these

two fields should contain the same value” may not be expressed in PowerForms. Also

unlike Webcell, Powerforms does not provide capabilities to compute cell values or

CSS styles based on constraints.

2
http://docs.jquery.com/Plugins/Validation

3
http://livevalidation.com/



Chapter 7

Conclusion

And there you have it - the logical spreadsheet! This dissertation has explained how

to update them, how to display their consequences under inconsistency, and how to

modify their dynamic behavior.

In this chapter, we take a look at the issues around logical spreadsheets that were

not covered by this dissertation. In Section 7.1, we discuss incorporating numerical

constraint solving into logical spreadsheets. Section 7.2, we discuss further research

that will be required to make logical spreadsheets more accessible to users. In Section

7.3 we discuss unsolved issues surrounding Websheets. In Section 7.4 we discuss the

the issues involved in building multiuser and interlinked spreadsheets. In Section 7.5

we discuss how to determine further uses of logical spreadsheets.

7.1 Numerical Constraints

Logical spreadsheets are good at logical reasoning, while traditional spreadsheets are

good a numerical reasoning. Ideally, we could combine the best features of both

into a spreadsheet that could allow for multidirectional propagation and many-to-

many relationships with both logical and numerical constraints. Constraint Logic

Programming [33] brings together logic and numerical constraint solving and should

be adaptable to an interactive spreadsheet setting. The main challenges here are

(1) figuring out how to deal with inconsistent values in a numerical setting, and (2)

95
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dealing with the fact that systems of equations may take a long time to solve, which

limits the interactiveness of a such a system. As an example of (1), let’s say that

we want to invert a matrix, one of whose values is inconsistent with the constraints.

What should the resultant matrix be? Should it be a partial matrix of some sort?

What should the eigenvectors of the matrix be? And so on.

7.2 Accessibility

This dissertation describes the core theoretical ideas behind a logical spreadsheet.

However, before logical spreadsheets can fulfill their promise as a tool for the masses

in the same way that traditional spreadsheets have, more work must be done. Most

notably, the constraint editor and the Markov Change Logic editor must be made

more accessible. We consider each in turn.

Constraint editor

There two main approaches to editing logical expressions: textual editors and struc-

tured editors. Both approaches have their strength and weakness. We discuss each

in turn, and then turn to the issue of macros.

Textual editors. Textual editors allow people to express constraints directly

as formal logical expressions written in an unstructured textual environment. We-

bcell is an example of a system in which the constraints are written this way. The

constraint syntax is important. Webcell uses Datalog syntax and semantics for rule

writing. This is to be contrasted with PrediCalc [35], which used a traditional logical

syntax and semantics for writing rules (using and, or, not, <=>, => and <=). A third

approach championed by Michael Genesereth is to use rules with conjunctive bodies

and disjunctive heads, where negation is not allowed anywhere in the rule. The lack

of negation may make the rules easier to understand for some people. It is unclear

which of these approaches is the best overall, or whether there is yet another approach

that is superior to these three. A user study would be required to help sort this out.

Structured editors. A number of commercial rule writing systems provide struc-

tured environments to aid users in writing rules. These systems provide a structured
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way to enter in logical expressions, with buttons that allow the user to add a new

conjunct or disjunct, drop down lists of relation names from which to choose from,

and so on. Query by Example [57] is an example of this type of environment.

Some of these environments attempt to make rule writing more accessible to users

by allowing them to create rules using a structured natural language. For a good

overview on controlled natural languages, see [43]. Other rule writing environments

allow the user to create rules using graphical representations inspired by semantic

networks [50], where nodes are predicates and edges represent attributes.

Analysis. Both textual and structured editors have their place. Textual edi-

tors are most useful to power users. Features like copy-and-paste and search-and-

replace make writing large numbers of expressions easy. On the other hand, their

unstructured nature can be daunting for casual users; the structured editors provide

substantially more guidance and prohibit users from making mistakes.

In our experience, the most di�cult conceptual leap for users is in using variables.

While users understand concrete examples very well, variables bring substantially

more conceptual complexity for users. We see research into how best to expose

variables to users as being particularly important in bringing the full power of logical

spreadsheets to a broad class of users.

Macros. In addition to writing constraints directly, both textual and structured

editors can allow for macros like“at most n of these cells can have a value at once”

and “the values of all of these cells must be distinct.” The particular macros that

are useful depend on the application, though there appear to be certain macros that

come up quite often across applications. For example, the “at most n of these cells

can have a value at once” macro was used in the MSCS Program Sheet application,

and appears to be a useful one across applications as well.

Markov Change Logic editor

Markov Change Logic (MCL) is a powerful mechanism for expressing all kinds of dy-

namic policies for a spreadsheet or database. However, large MCL programs can be

di�cult to understand. It can be di�cult to determine if a large MCL program does

what it is intended to, whether the rules cover all the cases that one cares about, etc.
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The problem is particularly bad in databases, where many facts can be inserted and

deleted at a time. For example, consider the following MCL program which maintains

the view p(X) :� q(X) & r(X) & s(X):

p++(X) :� q+(X) & r(X) & ¬r�(X) & s(X) & ¬s�(X)

p++(X) :� q(X) & ¬q�(X) & r+(X) & s(X) & ¬s�(X)

p++(X) :� q(X) & ¬q�(X) & r(X) & ¬r�(X) & s+(X)

p++(X) :� q+(X) & r+(X) & s(X) & ¬s�(X)

p++(X) :� q+(X) & r(X) & ¬r�(X) & s+(X)

p++(X) :� q(X) & ¬q�(X) & r+(X) & s+(X)

p++(X) :� q+(X) & r+(X) & s+(X)

p��(X) :� q�(X) & r(X) & s(X)

p��(X) :� q(X) & r�(X) & s(X)

p��(X) :� q(X) & r(X) & s�(X)

We must consider the cases when one, two, and three relations are inserted a time,

considering also whether deletions are occurring in those relations. And this just to

maintain a single view!

We have two ideas to explore for simplifying the MCL editing process. The first

is to specify only deviations from the standard update operators defined in Chapter

3. The second is to create higher level languages for specifying MCL programs. We

explore each of these in turn.

Deviations. In Definition 3.1 and Definition 3.4, we define insertion and deletion

operators for logical spreadsheets. In Section 5.3.2 we show how to convert from these

operators to a MCL program that behaves identically to those operators for a given

set of constraints. Thus, one way to modify the behavior of a logical spreadsheet is to

take a set of constraints, convert it to an equivalent MCL program, and then modify

that MCL program to one’s liking. This works of course, but it requires working with

a potentially large set of MCL rules, which, as we mentioned above, can be di�cult

to understand.

To reduce the number of rules, instead of converting the constraints to an MCL
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program, we can use the insertion and deletion operators to generate a set of insertions

and deletions, use the MCL program to generate additional insertions and deletions,

and then apply all of the insertions and deletions at once. For example, consider a

spreadsheet with data q(a) and a constraint ¬p(a) _ ¬q(a). Say also that we have

a single MCL rule r++(b) : � p+(a). Inserting p(a) would then lead to q(a) being

deleted (via the insertion operator) and r(b) being inserted (via the MCL rule), leading

to state r(b).

This works as long as one only needs to add in additional insertions and deletions.

To block insertions and deletions from taking place that are generated by the insertion

and deletion operators, we can change Markov Change Logic itself. For example, we

could define an additional modality p��(a), which means that p(a) is not to be inserted

or deleted, and which overrides the output of the insertion and deletion operators.

For example, adding in the rule q��(X) : � p+(X) to the example from the previous

paragraph would nullify the deletion of q(a), resulting in the state q(a), r(b).

Higher Level Languages. Markov Change Logic is a “low level” language

for expressing database physics policies. We can create higher level languages that

“compile down” to MCL, in the same way that high level languages compile down

to machine code. These languages might not be as expressive as MCL, but might be

well suited to certain tasks.

For example, for consistency maintenance, a simple priority scheme can be defined

to determine how to keep cells consistent. In the scheme, each cell is provided a unique

priority, and when a conflict is to occur between a set of cells and the constraints, the

lowest priority cell’s value is removed to maintain consistency. For example, consider

data {p(a), q(a)}, constraint ¬p(a) _ ¬q(a) _ ¬r(a), where priorities of the cells p,

q, and r are 1, 2, and 3, respectively, and a lower number means a higher priority.

Then upon an insertion of insertion r(a), which would lead to a constraint violation,

r(a) is deleted since the priority of r is lower than that of p. This simple scheme it is

not as expressive as MCL - for example, it does not allow one to express conditional

statements like “when p has value a, (use prioritization scheme A); when p has value b,

(use prioritization scheme B).” Nor does it allow one to express MCL statements that

do not have anything to do with consistency maintenance. Nonetheless, its simplicity
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makes it very appealing for the circumstances in which it does work.

Algorithms for translating from this scheme and others to MCL would make it

a lot more accessible to users. Of course, one could also work directly with these

schemes and never translate them to MCL. MCL is only necessary to deviate from

these schemes, in the same manner as described above.

7.3 Websheets with Large Datasets

Webcell assumes that all data is available locally to the Websheet on the client ma-

chine. However, this is not always the case. In particular, it may be the case that

the amount of data is so large that having the client hold the data is either imprac-

tical or impossible. For example, given today’s hardware limitations, one could not

reasonably expect a browser to hold information on all people in the United States.

However, constraints might still reference information about people, for example to

ensure that people have unique Social Security numbers. In these situations, our

options are to:

(1) Do all processing on the client, but send over data from the server to the

client piecemeal.

(2) Do all processing on the server, possibly requiring the client to send data to

the server.

(3) Do some processing in the client, and do some processing on the server.

In each of these cases, the timing and order of the in which the data is sent

and processed can make a big di↵erence in the e�ciency and responsiveness of the

Websheet. For example, sending over all data to the client when the Websheet is

first loaded will slow down the load time of the Websheet, but putting o↵ the loading

of the data until later may increase the response time of the Websheet upon user

changes.

Algorithms and heuristics are needed to determine the best strategies for data

transfer and processing. Ideal algorithms will need to take into account factors such



CHAPTER 7. CONCLUSION 101

as network speed, the relative speed of processing on the client versus on the server,

memory constraints, join selectivities, usage patters, and so on.

7.4 Multiuser and Interlinked Spreadsheets

In this dissertation, we have assumed that logical spreadsheets are single-user, isolated

systems. We can generalize this in two ways: by allowing multiple users to access

a spreadsheet, and by allowing spreadsheets to be contain references to each others’

cells.

To allow for multiple users, the spreadsheet must ensure that di↵erent users do

not clobber each others changes and so forth. The issues here are not drastically dif-

ferent from the issues that arise in any multiuser application; techniques like locking,

merging, and so forth all come into play. A somewhat more interesting case is when

each user is only allowed to view and modify part of the spreadsheet. A number of

issues arise here such as how to define security policies, and how to display constraint

violations against cells which a user is not allowed to see.

Interlinked spreadsheets are spreadsheets that contain constraints that reference

cells of other spreadsheets. The interlinked spreadsheets may have di↵erent schemas.

For example, consider a spreadsheet that contains a value in meters, and another

spreadsheet that contains the same value expressed in yards, and a constraint relating

the two values. Changing the value of one of these cells would change the value of

the other.

Interlinked spreadsheets are conceptually similar to multiuser spreadsheets, in the

sense that each interlinked spreadsheet can be thought of as part of a large “universal”

spreadsheet, which can only be accessed by certain users. Where interlinked spread-

sheets di↵er is that the di↵erent spreadsheets may be running on di↵erent machines.

Thus, there is a question of where constraint processing takes place. The spreadsheets

must either collaboratively decide where processing takes place in a peer-to-peer fash-

ion, or there must be some central facilitator that manages where the computation

takes place.

As with single user, isolated spreadsheets, we can turn multiple Web pages into
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interlinked Web sheets. Taking the idea to its extreme, we can imagine a “World

Wide Websheet” in which all Web pages can be connected with constraints, and

propagation and constraint violations occur across Web pages. The question of what

processing should be done on the clients, the servers, and possibly the facilitator(s)

arises, further complicating the issues.

7.5 Applications

What further uses do logical spreadsheets have in the world? What users would

most benefit from the technology? It would interesting, for example, to investigate

the types of rules that advanced users of traditional spreadsheets write, which might

be better written as logical rules. Furthermore, these same users should be asked

what sort of rules they are unable to write but would like to. Similarly, it would be

interesting to do a study of how Web page creators might benefit from logical spread-

sheet technology like Webcell, and what types of uses are the most desired? Studies

like these would help tremendously in determining how to use logical spreadsheet

technology to change the world in the most e↵ective way.
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Epilogue

This thesis is the result of many years of thought, application, and refinement of this

idea. In particular, we spent years discussing what the default semantics for updating

logical spreadsheets should be. The semantics went through many iterations and

refinements. The major breakthroughs were: (1) having a bilevel update semantics

(separating the base values from the computed values), (2) developing existential ⌦-

entailment for computing values in the presence of inconsistencies, (3) dealing with

multiple computed values by leaving cells blank, (4) only allowing base values to

be deleted - not computed values, and (5) allowing for ambiguities to be resolved

using Markov Change Logic. The resultant semantics is simple, elegant, and most

importantly, works in a way that users find intuitive.

There are still a few controversial decisions which we have made. The major part

of our update semantics which we sometimes find that people push back on is on cate-

gorical deletion - i.e. deleting values that conflict with an update and the constraints.

Indeed, there are situations in which this is not the desired behavior (though, we

believe, there are more situations in which it is the desired behavior). Spreadsheet

systems in practice need to make the decision of whether to use categorical deletion

or not up to the spreadsheet administrator - indeed, on a cell by cell basis.

Also, making deletion simple set subtraction is controversial. For many years,

we experimented with a semantics that propagated deletions as well. For example,

given two cells, p and q, and one constraint, p(X)) q(X), and a current spreadsheet
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instance of {p(a), q(a)}, one could argue that deleting q(a) should delete p(a) as

well, since p(a) plus the constraints logically entails q(a). Ultimately, we decided

that removal of a value should simply means that the value is currently unknown, as

opposed to that it means that the negation of the value is asserted. While there are

cases when the other semantics are desirable, but we felt that the simple semantics

was intuitive and worked as most people expected. Markov Change Logic can be used

to make additional removals if desired.

Another controversial decision is to use Herbrand Logic for constraints, as opposed

to Datalog. Using Herbrand Logic has the advantage that it treats blank cells as

unknown rather than as empty. In other words, if a cell p is blank, then neither

p(a) nor ¬p(a) is true. This is semantics I feel is most natural: when presented

with an empty set of cells, the user has not asserted that the cells have no value,

but simply hasn’t had the chance to select values for the cells yet. In addition,

Herbrand Logic is explosive, which nicely illustrates the need for a paraconsistent

consequence relation. Existential ⌦-entailment has a natural definition in Herbrand

Logic as well. On the other hand, Herbrand Logic is less expressive than Datalog:

it cannot express transitive closure for example (whereas Datalog can because of

its minimal model semantics). In addition, one cannot write constraints referencing

blank cells in Herbrand Logic, whereas one can in Datalog due to its use of negation-

as-failure. This tension lead me to decide to use Herbrand Logic when developing

the core ideas behind logical spreadsheets, while using a variant of Datalog in the

Webcell implementation of logical spreadsheets. I apologize to the reader for using

two logics instead of just one, but I felt it was for the best!

This thesis lays out the fundamentals of how logical spreadsheets operate. How-

ever, there is still work to be done before logical spreadsheets can be used broadly.

In particular, inputting constraints needs to be made easy for people. This could be

done either by doing user-centric research on how to make constraint-writing more

accessible to non-experts, or by raising the level of expertise among people regarding

writing logical expressions, or both. It is our hope that both of these e↵orts take

place.
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Existential ⌦-Entailment Proofs

In this appendix we prove or disprove the properties given in Table 4.1.

We begin by substantiating our claim that existential ⌦-entailment is paraconsis-

tent.

Proposition B.1 (Explosiveness). Existential ⌦-entailment is not explosive.

Proof We wish to show that { ,¬ } |⇡⌦ � does not hold. Let ⇤ = {�,¬�}. Say for

the purpose of contradiction that ⇤ |⇡ � ^ ¬�. Then some subset � of ⇤ such that

� [ ⌦ 6|=? entails � ^ ¬�. However as {� ^ ¬�} |=? it must be that � [ ⌦ |=? as

well, a contradiction. Thus {�,¬�} 6|⇡ � ^ ¬�, and existential ⌦-entailment is not

explosive. ⇤

The following proposition says that existential ⌦-entailment proves no more con-

sequences than logical entailment.

Proposition B.2 (⌦-Subclassicality). ⌦-Subclassicality holds for existential ⌦-

entailment.

Proof We wish to show that ⇤ [⌦ |= � if ⇤ |⇡⌦ �. Say that ⇤ |⇡⌦ �. Then there is

a subset � of ⇤ such that � [ ⌦ |= �. By the monotonicity of |=, ⇤ |= �. ⇤

Since existential ⌦-entailment is non-explosive, we know that when the theory ⇤

is inconsistent then if ⇤ |⇡⌦ � then ⇤ |= �. Also clearly the reverse does not hold.
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What is less obvious is whether existential ⌦-entailment coincides with logical

entailment when the theory is consistent. The following proposition tells us that it

does.

Proposition B.3 (⌦-Consistent classicality). ⌦-Consistent classicality holds for ex-

istential ⌦-entailment.

Proof We wish to show that If ⇤[⌦ 6|=?, ⇤ |⇡⌦ � i↵ ⇤[⌦ |= �. Say that ⇤[⌦ 6|=?.
If also ⇤ |⇡⌦ �, then since ⇤ is ⌦-consistent and ⇤ ✓ ⇤, we have that ⇤[⌦ |= �. On

the other hand, if ⇤ [ ⌦ |= �, then since ⇤ is an ⌦-consistent subset of ⇤, we have

that ⇤ |⇡⌦ �. ⇤

Now that we have established the relationship of existential ⌦-entailment with

logical entailment, we turn to studying some abstract properties of the entailment

relation. The first proposition asserts that existential ⌦-entailment is monotonic.

Proposition B.4 (Monotonicity). Existential ⌦-entailment is monotonic.

Proof We wish to show that ⇤ [ {�} |⇡⌦  if ⇤ |⇡⌦  . Say that ⇤ |⇡⌦  . By the

definition of |⇡⌦, there is a subset � of ⇤ such that � |= �. By the monotonicity of

|=, � [ {�} |= �. As � [ {�} ✓ ⇤ [ {�} and � [ {�} |= �, ⇤ [ {�} |⇡⌦  , again by

the definition |⇡⌦. ⇤

However, existential ⌦-entailment is not reflexive - sentences may not existen-

tially ⌦-entail themselves! The reason for this is that sentences that contradict the

constraints will not be entailed.

Proposition B.5 (Reflexivity). Existential ⌦-entailment is irreflexive, even when

restricted to sets of data.

Proof We wish to show that ⇤ |⇡⌦ � if � 2 ⇤ does not hold. Let ⇤ = {p} and let

⌦ = {¬p}. Then p 2 ⇤ but ⇤ 6|⇡⌦ p. ⇤

The following proposition tells us that logically equivalent formulas have exactly

the same consequences under existential ⌦-entailment.
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Proposition B.6 (Left logical equivalence). Left logical equivalence holds for exis-

tential ⌦-entailment.

Proof We wish to show that ⇤ [ {�} |⇡⌦ � if ⇤ [ { } |⇡⌦ � and |= � ,  . Say

that ⇤ [ { } |⇡⌦ � and |= �,  . By the definition of |⇡⌦, there is an ⌦-consistent

subset � of ⇤ [ { } such that � [ ⌦ |= �. If  62 � then � ✓ ⇤ ✓ ⇤ [ {�}. Thus

� is an ⌦-consistent subset of ⇤ [ {�} and therefore ⇤ [ {�} |⇡⌦ �. Otherwise let

�0 = � � { } [ �. Since � and  are logically equivalent so are � and �0, and thus

� ✓ ⇤ [ {�} and ⇤ [ {�} |⇡⌦ �. ⇤

The following proposition implies that one may replace logically equivalent for-

mulas by one another on the right side of the |⇡⌦ symbol.

Proposition B.7 (Right Weakening). Right weakening holds for existential ⌦-

entailment.

Proof We wish to show that ⇤ |⇡⌦ � if ⇤ |⇡⌦  and |⇡⌦  ) �. Say that ⇤ |⇡⌦  

and |⇡⌦  ) �. By the former, we see that there is an ⌦-consistent subset � of

⇤ such that � [ ⌦ |=  . By the latter, we have that ; [ ⌦ |=  ) �, or simply

⌦ |=  ) �. By this and the monotonicity of |= we see that � [ ⌦ |=  ) �. But

then � [ ⌦ |= �, and so ⇤ |⇡⌦ �. ⇤

Proposition B.8 (Contraposition). Contraposition fails for existential ⌦-entailment,

even when restricted to sets of data.

Proof We wish to show that ⇤ [ {¬ } |⇡⌦ ¬� if ⇤ [ {�} |⇡⌦  does not hold. Let

⇤ = ;, let � = {p}, let  = {¬q}, and let ⌦ = {q}. Then ; [ {p} |⇡{¬q} {¬q} but

; [ {q} 6|⇡{¬q} {¬p}. ⇤

The conjunction of two existentially ⌦-entailed sentences is not necessarily itself

an existentially ⌦-entailed sentence. The reason for this is that the two sentences

may have been derived from two mutually exclusive subsets of the antecedents.

Proposition B.9 (And). And fails for existential ⌦-entailment, even when restricted

to sets of data.
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Proof We wish to show that ⇤ |⇡⌦ � ^  if ⇤ |⇡⌦ � and ⇤ |⇡⌦  does not hold.

Let ⌦ = {p ) ¬q, q ) ¬p}. Let � = p. Let ⇤ = {p, q}. Then {p, q} |⇡⌦ p and

{p, q} |⇡⌦ ¬p but {p, q} 6|⇡⌦ p ^ ¬p. ⇤

Cut is yet another standard property that fails for existential ⌦-entailment.

Proposition B.10 (Cut). Cut fails for existential ⌦-entailment, even when restricted

to sets of data.

Proof We wish to show that ⇤ |⇡⌦  if ⇤ |⇡⌦ � and ⇤ [ {�} |⇡⌦  does not hold.

Let ⌦ = {r ) ¬s, s ) ¬r, r ) p,¬r ) (p ) q)}. Let � = p, let  = q, and let

� = r. Take ⇤ = {r, s}. Then � = {r} is an ⌦-consistent subset of ⇤ that logically

entails p, so ⇤ |⇡⌦ �. Also, �0 = {s, p} is an ⌦ consistent subset of ⇤ [ {�} that

logically entails q, so ⇤[ {�} |⇡⌦  . However, there is no consistent subset of ⇤ that

entails q. Thus ⇤ 6|⇡⌦  even though ⇤ |⇡⌦ � and ⇤ [ {�} |⇡⌦  . ⇤

The following proposition says that one can conclude an implication from an

antecedent and a consequent.

Proposition B.11 (Conditionalization). Conditionalization holds for existential ⌦-

entailment.

Proof We wish to show that ⇤ |⇡⌦ �)  if ⇤[ {�} |⇡⌦  . Say that ⇤[ {�} |⇡⌦  .

Then there is an ⌦-consistent subset � of ⇤[{�} such that �[⌦ |=  . Let �0 = ��{�}.
Since � is a subset of ⇤ consistent with ⌦, so is �0. Since �0 [ {�} |=  we have that

�0 |= �)  , and therefore ⇤ |⇡⌦ �)  . ⇤

However, the reverse does not hold: one cannot conclude that a antecedent con-

cludes a consequent from a concluded implication.

Proposition B.12 (Deduction). Deduction fails for existential ⌦-entailment, even

when restricted to sets of data.

Proof We wish to show that ⇤[{�} |⇡⌦  if ⇤ |⇡⌦ �)  does not hold. Let ⌦ = ;.
Let � = ¬p, and let  = q. Let ⇤ = {p}. Since {p} |= p _ q and p _ q is equivalent

to ¬�_ is equivalent to �)  , we see that ⇤ |= �)  . Since ⇤ is consistent with
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⌦, we have that ⇤ |⇡⌦ � )  . However there is no consistent subset of ⇤ [ {�} =

{p,¬p} that logically entails q. ⇤

Finally, we note that iterated application of existential ⌦-entailment does not give

the same results.

Proposition B.13 (Idempotence). Existential ⌦-entailment is not idempotent, even

when restricted to sets of data.

Proof We wish to show that C|⇡⌦
(⇤) 6= C|⇡⌦

(C|⇡⌦
(⇤)). Let ⌦ = {¬p_¬q, p) p0, q )

q0, p0 ^ q0 ) s}. Let ⇤ = {p, q}. Then s 62 C|⇡⌦
(⇤). However, since p0 2 C|⇡⌦

(⇤) and

q0 2 C|⇡⌦
(⇤), we have that s 2 C|⇡⌦

(C|⇡⌦
(⇤)). Thus C|⇡⌦

(⇤) 6= C|⇡⌦
(C|⇡⌦

(⇤)). ⇤



Appendix C

Abstract State Machines

In this appendix, we first give a formal definition of Abstract State Machines (ASMs).

Then we prove that Markov Change Logic is more expressive than Parallel ASMs

without import constructors (which allow for the nondeterministic introduction of

symbols into the language).

C.1 Formal definition of ASMs

Our definition is based upon Gurevich’s definition in [27]. Our definition is broken up

into sections. First we define static algebras, ASM updates, then Sequential ASMs,

and finally Parallel ASMs.

C.1.1 Static Algebras

A signature of an ASM is a finite collection of function constants, each with a fixed

arity. Some function names may be marked as relation constants, or static constants,

or both. Every ASM signature contains the following static function constants: the

binary function =, the nullary function constants true, false, and undef, and the

Boolean operations ^, _, and ¬. true and false are relation constants.

A static algebra S, or state of a signature V is a nonempty set X called the

universe of S, together with interpretations of the function constants in S on X. A

110
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k-ary function constant is interpreted as a function from Xk to X. The interpretation

of a k-ary relation constant is a function from Xk to {true, false}. V is known as

the signature of X and is denoted Sig(X). An X-state is a state with signature X.

The interpretations of true, false, and undef are distinct elements of X. The

Boolean operations behave in the usual way on true and false and produce undef

if one of the arguments is not Boolean. The equality sign is interpreted as the char-

acteristic function of the identity relation on X. If f(x̄) evaluates to true in S, we

say that f(x̄) holds in S; if f(x̄) evaluates to false in S, we say that f(x̄) fails in S.

Terms are defined inductively. (1) A variable is a term. (2) If f is a k-ary function

constant and t1, . . . , tk are terms, then f(t1, . . . , tk) is a term. A term is ground if it

does not contain variables. By analogy, other syntactical objects without variables

are called ground. Atomic boolean terms are terms of the form f(t̄), where f is a

relation constant. Boolean terms are built from atomic Boolean terms by means of

the Boolean operations.

A state S is appropriate for a syntactic object s if Sig(S) includes the collection

of function constants that occur in s. That collection is denoted Sig(s).

In an appropriate state S, a ground term t = f(t1, . . . .tk) evaluates to an element

V als(t) = f(V al
S

(t1), . . . , V al
S

(t
r

)). If t̄ is a tuple f(t1, . . . .tk) of terms, define

V al
S

(t̄) = (V al
S

(t1), . . . , V al
S

(t
r

)).

C.1.2 ASM Updates

The reduct of a Y -state S to a smaller signature Y 0 is the Y 0-state S 0 obtained from

S by “disinterpreting” function constants in Y � Y 0; S is an expansion of S to Y .

A carrier is a state whose signature contains only static function constants. The

carrier |S| of a state S is the reduct of S to the static part of Sig(S).

A location over a carrier C is a pair l = (f, x̄), where f is a function constant

outside of Sig(C) and x̄ is a tuple of elements of C whose length equals the arity

of f ; location l is relational if f is a relation constant. Loc
Y

(C) is the collection

of all locations over C with function names in Y . A Y -state S with carrier C will

sometimes be viewed as a function from Loc
Y

(C) to (the universe of) C; locations of
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S are locations in Loc
Y

(C).

If a state S is appropriate for a ground term t0 = f(t̄), then the location of t0 in

S is the location (f, V al
S

(t̄)).

An update of a state S is a pair a = (l, y), where l is the location of S and y

belongs to the universe of |S|; if l is relational then y is Boolean. The location l is

the location Loc(a) of a, and y is the value V al(a) of a. The result of firing a at S

is a new state S 0 such that Sig(S 0) = Sig(S), |S 0| = |S|, S 0(l) = y, and S 0(l0) = S(l0)

for every location l0 of S di↵erent than l.

An update set b over a state S is a set of updates of S. Loc(b) = {Loc(a)|a 2 b}.
For each l 2 b, V al

b

(l) = V al(a)|a 2 b ^ Loc(a) = l}. An update set is consistent at

state S if every V al
b

(l) is a singleton set; otherwise b is inconsistent.

The result of firing a consistent update set b at state S is a new state S 0 such

that Sig(S 0) = Sig(S), |S 0| = |S|, and if l 2 Loc(b) then S 0(l) is the only element of

V al
b

(l); otherwise S 0(l) = S(l). The result of firing an inconsistent update set b at

state S is a “new” state S 0 = S.

C.1.3 Sequential ASMs

In this subsection, all terms are ground.

An update instruction R is an expression f(t̄) := t0 where f is a non-static

function name (the subject of the instruction), t̄ is a tuple of terms whole length

equals the arity of f , and t0 is another term; if f is a relation constant then t0 must

be a Boolean term.

To execute R at an appropriate state S, fire the update a = (l, y) at S, where

l = (f, V al
S

(t̄)) and y = V al
S

(t0). Define Updates(R, S) = {a}.
Basic rules are constructed recursively from update instructions by means of two

rule constructors: the sequence constructor and the conditional constructor. Seman-

tics is defined by the means of update sets. For each rule R and every state S

appropriate for R, we define an update set Updates(R, S) over S. To fire R at S, fire

Updates(R, S).

Sequence Constructor. A sequence of rules [R1, . . . , Rn

] is a rule.
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If R is a sequence of rules [R1, . . . , Rn

] then Updates(R, S) = Updates(R1, S) [
. . . [ Updates(R

k

, S).

Conditional Constructor. If g is a Boolean term and R0 is a rule, then if g then

R0 endif is a rule.

If R is a conditional rule if g then R endif then Updates(R, S) =

Updates(R0, S) if g holds in S, otherwise Updates(R, S) = ;.
Sequential ASMs have another constructor called the import constructor which

can be used to create non-basic rules. However the details of this constructor are

unimportant for our purposes and we do not define them here.

A program P is a rule without free variables. A basic program is a basic rule

without free variables. To fire P at an appropriate state S, fire Updates(P, S) at S.

A pure run of P is a sequence hS
n

| n < i of states of signature Sig(P ) such that

each S
n+1 is obtained from S

n

by firing P at S
n

. Here and henceforth  is a positive

integer or the first infinite ordinal. In the latter case, {n | n < } is the set of all

natural numbers.

In general runs may be a↵ected by the environment. The environment manifests

itself via some basic functions e1, . . . , ek called external functions. Call non-external

basic functions internal. If S is an appropriate state for a program P , let S� be the

reduct of S to the internal vocabulary.

A run of a program P is a sequence hS
n

| n < i of states where (1) every nonfinal

S
n

is an appropriate state for P and the final state (if any) if a state of the internal

vocabulary of P , and (2) every S�
n+1 is obtained from S

n

by firing P at S
n

.

C.1.4 Parallel ASMs

An atomic variable declaration is an expression v ranges over U , where v is a vari-

able name and U is a unary relation constant. U is the range of v. A variable

declaration E is a sequence of atomic variable declarations, and V ar(E) is the col-

lection of variables in E. A variable is free if it is undefined, otherwise is is bound.

We denote the free variables of a syntactic object s by Free(s) and denote the bound

variables of s by Bound(s). A variable declaration E covers a syntactic object s if
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V ar(E) contains Free(s).

An auxiliary signature has the form Y [ V , where Y is a signature and V is a

finite set of variables, and each v 2 V is treated as a nullary function, except that it

cannot be the subject of an update instruction. We say that a state S of an auxiliary

vocabulary is appropriate for a syntactical object s if all function names and all free

variables of s occur in Fun(S).

A first order guard is defined as follows: (1) if f is an n-ary relation name and

t1, . . . , tn are terms, then f(t1, . . . , tn) is a guard. (2) Any Boolean combination of

guards is guard. (3) If g is a guard and U is a unary relation constant, then (9v 2 U)g

and (8v 2 U)g are guards. First order guards are given semantics that mirrors the

definition of truth in first-order logic.

In a Parallel ASM, terms are defined as for Sequential ASMs, expect that terms

may contain free variables, and guards are first-order. In addition, parallel ASMs

have the following rule constructor:

Declaration Constructor. An atomic variable declaration followed by a rule is a

rule.

Say that E is a variable declaration, R is a rule, and S is a state of an auxiliary

vocabulary. R is (D,S)-perspicuous if it satisfies the following conditions: (1) no

variable is declared more than once in R, and Bound(R) is disjoint from Free(R) [
V ar(E) [ Fun(S).

A program is a rule without any undeclared variables.

By induction on R, we define the update set B = Updates(E,R, S) generated by

a rule R at an appropriate state S under a declaration E that covers R. To fire R at

S under D, fire B.

An arbitrary rule R is equivalent, for a given E and S, to a (E, S)-perspicuous rule

R0 obtained by renaming bound variables. The equivalence means that Updates(E,R, S)

= Updates(E,R0, S). Thus, it remains to define B = Updates(E,R, S) in the case

when R is (E, S)-perspicuous.

If E is not empty, then B is the union of Updates(;, R, S 0)), where S 0 ranges over

expansions of S such that Fun(S 0) = Fun(S) [ V ar(D) and S 0 is consistent with

E (so that the values of E variables are within their ranges in S’).
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Suppose E = ;. If R is an update instruction then B = Updates(R, S). If R is a

sequence of rules [R1, . . . , Rk

], then B is the union of update sets Updates(;, R
i

, S).

Suppose that R is the conditional rule if g then R0 endif. Since R is covered by

the empty declaration, g has no free variables. If g holds, then B = Updates(;, R0, S),

otherwise B = ;. Finally, if R is a declaration rule with declaration d and body R0

then B = Updates(d,R0, S).

C.2 Proofs

In this section, we give a series of proofs, culminating in a proof that Markov Change

Logic is more expressive than Parallel ASMs without import constructors (which

allow for the nondeterministic introduction of symbols into the language). We begin

by defining a normal form for ASM rules.

We say that a rule is in ASM normal form if it is a sequence of rules [R1, . . . , Rn

],

where each R
i

is of one of the following three forms:

(1) B

(2) if G then B

(3) V if G then B

where V is a variable declaration, G is a first-order guard that is a conjunction

of literals, and B is a basic rule.

Lemma C.1. Every Parallel ASM program without import constructors P is equiv-

alent to a Parallel ASM program P in ASM normal form.

Proof. We give a constructive proof, via an algorithm:

Let P be a Parallel ASM program without import constructors. Follow the following

steps to convert P to normal form.

(1) Rename variables. Rename with variable names of P with globally unique names.



APPENDIX C. ABSTRACT STATE MACHINES 116

(2) Wrap in a sequence constructor. If the outermost constructor of P is not a

sequence constructor, then wrap P with a sequence constructor.

(3) Remove inner sequence constructors. While P is of the form [R1, . . . Rn

], where

someR
i

consists of a prefix C followed by a sequence [S1, . . . , Sm

]: let P = [R1, . . . , Ri�1,

CS1, . . . , CS
m

, R
i+1, Rn

].

(4)Move inner variable declarations to the top level. Where P is of the form [R1, . . . Rn

],

for each R
i

, move all variable declarations to the front of R
i

.

(5) Merge conditional constructors. P is now of the form [R1, . . . Rn

], where each

R
i

consists of a chain of conditional constructors. While there is a rule R
i

of the form

if C then if C2 then R, replace R
i

with the rule if and(C,C2) then R.

(6) Convert guards to disjunctive normal form. If applicable, convert the guard of

each rule R1, . . . Rn

to disjunctive normal form.

(7) Break apart rules with DNF guards into multiple rules with conjunctive guards.

For each rule R
i

that has a guard G that is a disjunction g1 _ g
k

, convert P into the

rule [R1, . . . Ri�1, Ri+1, . . . Rn

, R
i

(g1), . . . , Ri

(g
k

)], where R
i

(g
j

) is just like R
i

except

the guard is g
j

.

P is now necessarily in ASM normal form. Since each step in the transformation

transformed P into an equivalent rule, P is equivalent to its original form. ⇤

As we prove below, every Parallel ASM program without import constructors is equiv-

alent to a MCL program. We give some examples.

(Example 1) The basic rule r(a, b) : � true, where r is a relation. This is equiv-

alent to the MCL rule r++(a, b).
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(Example 2) The basic rule r(a, b) :� false, where r is a relation. This is equivalent

to the MCL rule r��(a, b).

(Example 3) The basic rule f(a, b) :� c. This is equivalent to the MCL rules:

{r++(a, b, c),

r��(a, b,X) :� r(a, b,X) & x 6= c}.

(Example 4) The basic rule if g(a) then f(a, b) : � c, where g is an input rela-

tion. This is equivalent to the MCL rules:

{f++(a, b, c) :� g+(a),

f��(a, b,X) :� g+(a) & f(a, b,X) & x 6= c}.

(Example 5) The basic rule if g(a) then f(a, b) : � c, where g is a not input

relation. This is equivalent to the MCL rules:

{f++(a, b, c) :� g(a),

f��(a, b,X) :� g(a) & f(a, b,X) & x 6= c}.

Theorem C.2. MCL is at least as expressive as Parallel ASMs without import con-

structors.

Proof. Let P be a Parallel ASM program without import constructors with universe

X and signature V .

We will construct a corresponding MCL program P 0.

For each k-ary function f of P , let f 0 be a k + 1-ary relation constant.
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Define f ⇤ to be f+ if f is external and f otherwise.

If X is a variable and t is an entity or a variable, define unroll(X, t) to be (1) X = t.

If X is a variable and f(t1, . . . , tk) is a functional term, define unroll(X, f(t1, . . . , tk))

to be f ⇤(Y1, . . . , Yk

) & unroll(Y1, t1) & unroll(Y
k

, t
k

), where Y1 . . . Yk

are new vari-

ables.

If X̄ = hX1, . . . , Xn

i is an n-tuple of variables and t̄ = ht1, . . . , tni is an n-tuple

of terms, then unroll(X̄, t̄) is unroll(X1, t1) & . . . & unroll(X
n

, t
n

).

Let P = [R1, . . . , Rn

] be a program in ASM normal form. We assume that each

R
i

is of the form V if G then B; the other rule forms are simpler and can be han-

dled using a similar technique.

Each R
i

corresponds to two MCL rules: a positive rule and a negative rule. We

first describe how to produce the corresponding positive rule.

Now, R
i

is of the form:

V1 ranges over s1, . . . , Vk

ranges over s
k

if p1(t̄1) ^ . . . ^ p(t̄
m

) ^ ¬q1(w̄1) ^ . . . ^ ¬q(w̄
l

)

then f(u1, . . . , un

) :� u

Then, pos(R
i

) is:

f++(X1, . . . , Xn

,W ) :�
s1(V1) & . . . & s

k

(V
k

)

& p⇤1(Y1) & unroll(Ȳ1, t̄1) & . . . & p⇤
m

(Ȳ
m

) & unroll(Ȳ
m

, t̄
m

)

& ¬q⇤1(Z̄1) & unroll(Z̄1, w̄1) & . . . & ¬q⇤
l

(Z̄
l

) & unroll(Z̄
l

, w̄
l

)

& unroll(X1, u1) & . . . & unroll(X
k

, u
k

)
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& unroll(W,u)

Where W,X1, . . . , Xk

, Y1, . . . , Ym

, Z1, . . . , Zl

are new variables.

And neg(R
i

) is:

f��(X1, . . . , Xn

, V ) :�
f(X1, . . . , Xn

, V )

& s1(V1) & . . . & s
k

(V
k

)

& p⇤1(Y1) & unroll(Ȳ1, t̄1) & . . . & p⇤
m

(Ȳ
m

) & unroll(Ȳ
m

, t̄
m

)

& ¬q⇤1(Z̄1) & unroll(Z̄1, w̄1) & . . . & ¬q⇤
l

(Z̄
l

) & unroll(Z̄
l

, w̄
l

)

& unroll(X1, u1) & . . . & unroll(X
k

, u
k

)

& unroll(W,u) & V 6= W

Where V,W,X1, . . . , Xk

, Y1, . . . , Ym

, Z1, . . . , Zl

are new variables.

Corollary C.3. MCL is more expressive than Parallel ASMs without import con-

structors.

Proof. Follows from Theorem C.2 and the fact that all positive and negative rules

generated by Theorem C.2 are non-recursive. On the other hand, MCL rules can be

recursive. Since recursive datalog is more expressive than non-recursive datalog [1],

the theorem follows. ⇤
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[57] Moshé M. Zloof. Query-by-example: the invocation and definition of tables and

forms. In Proceedings of the 1st International Conference on Very Large Data

Bases, VLDB ’75, pages 1–24, New York, NY, USA, 1975. ACM.


	firstpage
	fouron

