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Abstract

Logical database languages, such as Datalog and Epilog, divide relations into two types—base relations (i.e.,
the dataset), which are defined extensionally, and view relations (i.e., the program), which are defined by rules.
Whereas some logical database applications assume that the definitions of all relations are complete, others must
contend with incompleteness in the base relations, the view relations, or both. Motivated by computable contracts,
a key industry application of logic programming, we concentrate on the special case of reasoning with complete
view definitions and incomplete datasets. The naive approach to evaluating queries on incomplete datasets
requires exponential time complexity in the size of the data. In this paper, we introduce a novel transformation-
based approach to this task that is broadly applicable across many classes of programs. For UCQs (Unions of
Conjunctive Queries), a class of programs to which any non-recursive pure Datalog program can be unfolded, we
formalize this approach, prove its correctness and show that it runs in polynomial time.
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1. Introduction

Logical database languages, such as Datalog and Epilog, divide relations into two types—base relations
(i.e., the dataset) and view relations (i.e., the program). Base relations are defined extensionally—each
base relation is encoded as a collection of instances of the relation. View relations are defined by rules
that specify extensions of the base relations.

Some logical database applications assume that the definitions of all relations are complete. The sets
of factoids defining base relations include all true instances and only true instances. The rules defining
view relations give complete sets of view instances for every complete set of base instances to which
they are applied. Other applications must contend with incompleteness in the base relations, the view
relations, or both. There is substantial logic programming literature concerned with the management
of incompleteness in view definitions, e.g., disjunctive logic programs [1], existential logic programs,
answer set programming [2], non-stratified programs (e.g., the stable model [3] and well-founded [4]
semantics), and so forth.

In this paper, motivated by the key industry application of computable contracts (see Section 2), we
concentrate on the novel direction of reasoning efficiently with complete view definitions and incomplete
definitions of base relations in logic programming. In the databases literature, this topic has received
substantial attention in the form of view-based query answering and rewriting [5, 6, 7] and answering
queries on tables with nulls [8, 9, 10]. It is worth noting that our formulation of incomplete datasets
(described in Section 3.4) differs fundamentally from tables with nulls, possessing some advantages in
expressivity and query complexity that we describe in Section 4.

In what follows, we first motivate this theoretical work through the practical application area of
computable contracts. We then formalize the syntax and semantics of extensions (sets of deduced facts)
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for complete view definitions on complete datasets and extend this to positive and negative extensions
on incomplete datasets. Then, we introduce a novel transformation-based algorithm for computing
answers for UCQs (Unions of Conjunctive Queries—see Definition 5.2), a class of programs to which any
non-recursive pure Datalog program can be unfolded, on incomplete datasets and prove its correctness.
Whereas the naive approach to this task has exponential data complexity, we show that this algorithm,
which is also applicable to broader classes of programs (with some augmentation) has merely polynomial
data complexity.

2. Motivation

Computable contracts are legal contracts specified with enough detail that questions about compliance
in well-defined circumstances admit unambiguous answers, thus supporting automated execution and
compliance checking [11]. The utility of these contracts, and of logic programming in implementing
them, has been recognized across industries such as insurance [11], permitting [12] and manufacturing
[13].

In order for many important questions (e.g., “Is beneficiary A covered for service B?”, “Did contractor
X correctly source material Y?”) to be answered unambiguously, complete view definitions (i.e., rules
that give all true answers and only true answers for any complete set of base facts to which they
are applied) are necessary. However, complete datasets cannot be expected. In health insurance, a
beneficiary may not know all relevant details of their medical history, and in manufacturing, negotiating
parties may not feel comfortable revealing all sensitive supplier data [13]. Furthermore, due to the
potential for massive datasets in the aforementioned fields, efficient reasoning (with respect to the data)
is needed.

Our experiences designing and implementing computable contracts across various domains have
motivated our work on deriving an efficient algorithm for reasoning with complete view definitions
and incomplete datasets. We give the following case as a running example of the practical applicability
of our theoretical results.

Example 2.1. Consider a universe (defined by the relation u) of 5 companies that constitute the
manufacturing supply chain in a regulated industry.

u(machines_inc)
u(parts_inc)
u(raw_materials_inc)
u(suspicious_inc)
u(evil_inc)

Let s be a base relation where s (X, Y) means X is a supplier of Y. Consider, then, the following dataset.

s(parts_inc, machines_inc)
s(raw_materials_inc, parts_inc)

s(evil_inc, suspicious_inc)

We consider X to be a tier 1 supplier of Y if X is a supplier of Y. We consider X to be a tier 2 supplier
of Y if X is a supplier of a supplier of Y. The view relation t, where t (X, Y) means X is a tier 1 or 2
supplier (hereafter referred to simply as a “tiered supplier”) of Y, can then be defined as follows.

t(X, Y) :- s(X, Y)
t(X, Y) :- s(X, Z) & s(Z, Y)

Applying these rules to the dataset, we can conclude exactly
t (parts_inc, machines_inc)
t(raw_materials_inc, parts_inc)
t(evil_inc, suspicious_inc)
t(raw_materials_inc, machines_inc)



Now, say that evil inc is on a list of banned corporations. A company considering a partnership
with machines_inc may stipulate in their contract that evil_inc must not be one of their tiered
suppliers. Assuming completeness in both the data and the view relations, the dataset facts and the
conclusions we deduce from them are the only true facts—all others are false. Since t (evil_inc,
machines_inc) was not concluded, the partnering company can be secure in the knowledge that
evil_inc is not a tiered supplier of machines_inc, and thus the contract is being complied with.

But what if we no longer have completeness in the data, perhaps because the companies were
uncomfortable sharing their complete supplier lists? Then, while the dataset facts and the conclusions
we deduce from them are certainly true, the other facts are not necessarily false. They are simply
not known to be true. It is now possible that evil_inc is a tiered supplier of machines_inc (e.g.,
suspicious_inc may be a direct supplier of machines_inc). In this setting, consider including a
set of negative dataset facts N = {s(evil_inc, machines_inc),s(evil_inc, parts_inc),
s(suspicious_inc, machines_inc),s(raw_materials_inc, machines_inc) }, which we
know to be false (the companies may have been more comfortable sharing information about who
is not their supplier). Despite still not knowing the truth values of many of the supplier facts, knowing
that evil_inc is a direct supplier neither of machines_inc nor of any of its possible direct suppliers
allows us to affirmatively conclude that evil inc is not a tiered supplier of machines_inc. Our
transformation-based algorithm (see Example 5.1 for the transformed tiered supplier relation) allows us
to efficiently do this.

3. Background

3.1. Datasets

A vocabulary is a collection of object constants and relation constants, together with a specification of
the arities (i.e., the number of arguments allowed in any expression involving the constant) associated
with all relation constants. In what follows, we write constants as strings of alphanumeric characters
beginning with a number or a lower case letter, e.g., a, b, 23, p, q, r. We assume that the set of object
constants is finite and, as such, extensionally define a special unary universe relation, u, which is true
of all object constants in the vocabulary. We denote the set of objects in the vocabulary as U.

A factoid (or ground atom) is an expression formed from an n-ary relation constant and n object
constants. We write factoids in traditional mathematical notation—the relation constant followed by its
arguments enclosed in parentheses and separated by commas. The Herbrand base for a vocabulary is the
set of all factoids that can be formed from the constants in the vocabulary. For example, for a vocabulary
with just two object constants a and b and a single binary relation constant r, the Herbrand base is
{r(a,a),r(a,b),r(b,a), r(b,b)}. A dataset is any subset of the Herbrand base, i.e., an arbitrary
set of the factoids that can be formed from the vocabulary, where all of the factoids in the dataset are
assumed to be true.

3.2. View Definitions

A logic program is a set of rules that define new relations in terms of existing relations. In this paper,
we write view definitions in the form of Prolog-like rules.

The vocabulary of a logic program is a superset of the vocabulary of any dataset to which it is applied.
It includes the object and relation constants used in the dataset plus all additional object and relation
constants used in the rules.

Logic programs can also include variables, written as strings of alphanumeric characters beginning
with a capital letter (e.g., X, Y, Speed), which allow us to state relationships among objects without
naming specific objects.

Atoms are analogous to dataset factoids except that they can optionally contain variables as well as
object constants. A literal is either an atom or a negation of an atom (i.e., an expression stating that the
atom is false). A simple atom is called a positive literal and the negation of an atom is called a negative
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literal. In what follows, we write negative literals using the negation sign ~. For example, if p(a,b) is
an atom, then ~p (a,b) denotes the negation of this atom.

A rule,suchas r(X) :- p(X,Y) & ~q(Y), is an expression consisting of a distinguished atom,
called the head, and zero or more literals, together called the body. Here, r (X) is the head, the expression
pP(X,Y) & ~q(Y) is the body; and p(X,Y) and ~q(Y) are subgoals.

A rule is essentially a reverse implication where variables in the body that do not appear in the
head are existentially quantified in the antecedent. For example, the rule above states that r is true of
any object X if there exists an object Y such that p is true of X, Y and q is not true of Y. If we know
that p(a,b) is true and q(b) is false, then, using this rule, we can conclude that r (a) is true. A logic
program is a set of facts and rules of the form just described.

To eliminate problems such as ambiguities and potentially infinite answer sets, we concentrate
exclusively on logic programs where the rules have two special properties, viz. safety and stratification.
A rule in a logic program is safe if and only if every variable that appears in the head also appears in at
least one positive literal in the body and every variable that appears in a negative literal in the body
appears in a preceding positive literal in the body. A logic program is safe if and only if every rule in
the program is safe.

We say that a set of view definitions is stratified with respect to negation if and only if its rules can
be partitioned into strata in such a way that (1) every stratum contains at least one rule, (2) the rules
defining relations that appear in positive subgoals of a rule appear in the same stratum as that rule or
in some lower stratum, and (3) the rules defining relations that appear in negative subgoals of a rule
occur in some lower stratum (not the same stratum).

3.3. Extensions on Datasets

An instance of an expression (atom, literal, or rule) is one in which all variables have been consistently
replaced by ground terms. Given a rule p and a dataset A, the application of p to A (written A(p, A)) is
the set of all ¢/ such that (1) ¢ is the head of an arbitrary instance of p, (2) every positive subgoal in the
instance is a member of A, and (3) no negative subgoal in the instance is in A.

The closure of a logic program €2 on a dataset A (written C (€2, A)) is the result of repeatedly and
systematically applying the rules in €2 to A until reaching a fixpoint. To make this more precise, consider
the sequence of datasets defined as follows. Ag = A, and A;11 = A; U UpeQ A(p, A;). The closure of
Qon A (e, C(£2,A)) is the union of the datasets in this sequence (i.e., | A;). Note that if {2 is a UCQ
(see Definition 5.2), then C(€2, A) = AU ¢ A(p, A), since the view relation is not in the body of
any rule, meaning a fixpoint is reached once all rules are applied to the dataset.

Finally, we define the positive extension, or the set of all facts that can be “deduced” by applying rules
to data, of a stratified logic program 2 on a dataset A (written £ (£2, A)) as follows. Our definition
relies on a decomposition of 2 into strata 1, ..., Q. Let Ag = A, and let A; 11 = C' (2441, A;). Since
there are only finitely many rules in a logic program and every stratum must contain at least one rule,
there are only & sets to consider, where k is a finite number. In this case, E* (2, A) = Ay. For a UCQ
QO ET(Q,A) =C(Q,A), since there is only one stratum. The negative extension of 2 on A is simply
the complement of the positive extension, £~ (2, A) = H(QUA) — E* (Q,A), where H (QU A) is
the Herbrand base of 2 U A.

3.4. Incomplete Datasets

So far, we have used a single dataset to define base relations. All factoids in the dataset are assumed to
be true, and all factoids not in the set are assumed to be false. In order to deal with incomplete data, we
need to refine this approach. To this end, we partition the Herbrand base into three disjoint subsets—a
positive dataset (factoids that are true), a negative dataset (factoids that are false), and an unknown
dataset (factoids whose truth value is unknown).

We represent an incomplete dataset as a pair, denoted (P, N), consisting of a positive dataset P and a
negative dataset N. If H is the set of all base factoids, then the unknown dataset is simply H — P — N.
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We say that a dataset A is a completion of (P, N) if and only if A contains all of the factoids in P and
none of the factoids in NV, i.e., it is a superset of P and it is disjoint from N.

3.5. Extensions on Incomplete Datasets

A possible positive extension of a logic program (2 applied to an incomplete dataset (P, N) is the positive
extension of (2 applied to some completion on (P, N); a possible negative extension of (2 applied to
(P, N) is the negative extension of €2 applied to some completion on (P, N).

Finally, the positive extension of a logic program €2 applied to an incomplete dataset (P, N') (hereafter
written as ET (€, (P, N))) is the intersection of all possible positive extensions of (P, N); the negative
extension of (2 on (P, N) (hereafter written as E~ (2, (P, N))) is the intersection of all possible negative
extensions of {2 applied to (P, N). Viewed another way, the positive/negative extension of {2 applied to
(P, N) is the set of all factoids that occur in every positive/negative extension of {2 applied to (P, N).

3.6. Naive Algorithm

Naively, we can compute the positive and negative extensions of a logic program on an incomplete
dataset by simply iterating over all completions of the dataset, computing the extensions of the program
on those complete datasets [14], and taking the intersections of the results. Of course, doing things this
way is exponential in the size of the Herbrand base.

4. Tables with Nulls

This section provides additional context and motivation for our work. It may be skipped without
affecting understanding of our algorithm or its analysis.

In the database literature, where relations are expressed as tables, null values are used to express
incompleteness in the data. There are three original classes of tables with nulls—Codd tables, naive
tables and conditional tables [15, 8] —which can be interpreted under either the open world assumption
(OWA) or the closed world assumption (CWA). In the ensuing comparison between tables with nulls
and incomplete datasets, we focus on conditional tables under the CWA. We make the closed world
assumption because no tuple can be surely false under the open world assumption (i.e., there can be
no analog to the certainly false subset N under the OWA) and focus on conditional tables due to their
support for expressing certainly false facts through conditions.

While conditional tables are powerful tools for representing incomplete data in databases, incomplete
datasets possess some advantages which make them particularly conducive to both the expression of
and the efficient querying of certain answers on incomplete data involving substantial uncertainty in
logic programming applications.

Definition 4.1. Conditional tables [9, 8] generalize relational tables in two ways

1. In the column entries, variables (representing unknown values) are allowed in addition to the
usual constants

2. Each tuple is associated with a condition, which is a Boolean combination of atoms of the form
r =1y, r=a,a=>bwherex,y € Var and a, b € Cons

A conditional database is really a set of ordinary databases, one of which corresponds to the actual
database. Under the CWA, the incomplete database represented by a conditional table T is defined as

Rep(T') = {r = v(T) : v is a valuation, v(T) =
{v(t) : t € T and v makes the condition in 7" true}},

where a valuation is a map from variables and constants to constants which is identity on the constants

[15].
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4.1. Expressivity

In conditional tables with nulls, the possible databases are obtained by instantiating the variables in the
table to constants and retaining only those rows for which the corresponding condition holds. This, in
a sense, requires delineating all possibly true facts within the table, whereas incomplete datasets require
specifying only the known true and false facts.

Theorem 4.2. There are forms of incomplete datasets which can be expressed by a constant number of
facts, but which tables with nulls require arbitrarily many rows to express.

Proof. Given some Herbrand base [, consider the incomplete dataset P = N = &, i.e., everything is
uncertain (nothing is known). Note that we have written O facts to delineate this dataset. However, to
express this in a conditional table, we would need at least as many rows as possibly true (i.e., uncertain)
facts, as the number of rows is an upper bound on the number of facts retained in any valuation of the
table. Thus, arbitrarily many rows are required for arbitrarily large Herbrand bases. O

The above theorem shows that whereas tables with nulls cannot, in practice, represent the dataset
P = N = & for sufficiently large Herbrand bases (as computer memory is finite), incomplete datasets
can, trivially, do so. This capability can be crucial in applications where much uncertainty is expected.

4.2. Query Complexity

Although conditions support a rich notion of uncertainty, due to their potentially convoluted nature,
even determining whether a fact is certainly true in the database represented by a conditional table 7 is
coNP-complete in the data, i.e., N(Rep(7")) has a coNP-complete membership test [15].

Meanwhile, determining whether a fact is certainly true or false in an incomplete dataset (P, N)
merely involves looking it up in P or N, respectively. The core technique behind our transformation-
based algorithm (see Section 5) is to transform the query into one that only takes certainly true and
false dataset facts, corresponding with P and N, respectively, into account. This fundamentally takes
advantage of the delineation of known facts in incomplete datasets.

5. Program Transformation

We now demonstrate an approach to efficiently obtain extensions of logic programs on incomplete
datasets by transforming the programs in a way that allows us to apply algorithms for obtaining
extensions on complete datasets. The key is to replace each (base and view) relation r in the original
program by two relations—one that denotes the “known” positive instances, rp, and another that
denotes the “known” negative instances, rn. The transformation uses the universe relation, u, which is
presumed to be true of all objects in U, the universe (see Section 3.1). Since we assume the universe
is finite, u can be defined extensionally. While there are domains in which the size of U can result in
computational slowdowns (e.g., when the universe consists of all companies on earth), in many domains,
the universe can be restricted to a reasonable size (e.g., just the relevant companies in a particular
supply chain), keeping computation efficient. We remark, further, that while the naive approach to
querying certain answers is exponential in the size of U, our approach is polynomial.

Example 5.1. The tiered supplier relation (see Example 2.1) will be transformed into

tp(X, Y) :- sp(X, Y)

tp(X, Y) :- sp(X, Z) & sp(Z, Y)

tn(X, Y) - u(X) & u(Y) & ~as(X, YY) & ~bs(X, Y)
as(X, Y) :- u(X) & u(Yy) & ~ sn(X, Y)

bs(X, Y) :- u(z) & u(X) & u(y) & ~sn(X, Z2) & ~sn(zZ, Y)
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In words, the relation tp conveys that we know X is a tiered supplier of Y exactly if we know X is a
direct supplier of Y or there is some Z in the universe such that we know X is a supplier of Z and Z is a
supplier of Y. The relations as and bs convey that X is possibly a tiered supplier of Y exactly if it is not
known that X is not a direct supplier of Y (i.e., X is possibly a direct supplier of Y) or there is some Z in
the universe such that X is possibly a supplier of z and Z is possibly a direct supplier of Y. Thus, the
relation tn conveys that we know X is not a tiered supplier of Y exactly if X is not possibly a tiered
supplier of Y.

Definition 5.2. A UCQ with head relation p consisting of R rules, p1, ..., pr, is a program of the form

p(X) = dl (V1) & &eal, (Vi)

— <R —R
P(X) T Q{% <Y1> &“'&QJI\{/R (YNR>7
where X and all ?; represent tuples of variables. Note that any non-recursive pure Datalog program

can be unfolded into this form.

Definition 5.3. The transformation, ¢(2), of a UCQ (2 of the form specified in Definition 5.2 will be

oo (X) = aip (V1) & &g (Vi)

pp (X) == affp (V1) & - & affp (V)
pn(X) —u(X) & &u(Xg)&~ars(X) & & ~ aps (X)
ars (X) :—u(le)&--'&u(Z}Wl)&u(Xl)&---&u(XK)&

—1 —1
~ q%n <Y1> & &~ qjlvln <YN1)

ags (X) :—u(Zf) & &u(Zf,) &u(X1) & &u(Xk) &
<R <R
~qi'n <Y1) &"'&NQJ@R” (YNR> ,
where each a;s corresponds with the rule p;, Z, .. ., ZM are the variables in the body unbound by the
headand X = X1,..., Xk.

Note that ¢(£2) is safe and stratified. It has exactly two strata, where we can consider the rules for
pp (X ) and a1 (X ) yeey QRS (X ) to constitute the lower stratum, €27, and the rule for pn (X ) to
constitute the higher stratum, €2s.

Definition 5.4. Our algorithm for computing the positive and negative extensions of {2 on an incomplete
dataset (P, N') consists of computing the positive extension for ¢({2) on the transformed complete dataset
posify(P) U negify (N ), where posify and negify simply mark all factoids with p and n, respectively.

6. Algorithm Analysis

In what follows, let ©2 be a UCQ of the form delineated in Definition 5.3 and (P, N') an incomplete
dataset.
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6.1. Correctness
6.1.1. Negative Extensions

We show completeness, followed by soundness, of our transformation-based algorithm for computing
negative extensions on UCQs.

Definition 6.1. Recall from Definition 5.3 that X is the tuple of variables in the head of ). For
some tuple T of object constants in U (the universe) where T has the same length as X, we define
fz : Var — Var U U, where Var is the set of variables, to be the function binding X toZ. Formally, for
any variable 7,
Ty, if Z = Xi
fz(Z) =
Z, itZ ¢{X;}.

Then, where Z = Z1, ..., Z,, define

Theorem 6.2. For any ground tuple ¢, if v(f) € E~(,(P,N)), then rn(t) €
ET (8(2), posify(P) U negify(N)).

Proof. Assume r () € E~ (2, (P, N)). Then, for all completions A of (P, N),
r(t) e E-(Q,A)=H(QUA)—E"T(Q,A).

Thus, r (t) ¢ ET (Q,A) =C(Q,A) =AU UpEQ (p, A) for all completions A of (P, N).

Note that r is either a base relation or the view relation in €. Say it is a base relation, ¢q. Then, for all
completions A of (P, N), since A C C(£2, A), we have that ¢ (f) ¢ A. Thus, ¢ (f) € N, meaning, by
definition, that rn () = gn (f) € negify(N) C ET (¢(Q), posify(P) U negify(N)).

Then, say 7 is the view relation, p. Since p () ¢ | peq A(p, A) for all A completing (P, V), we
claim it must be the case that for all rules p; and all bindings ¢ : Var — U of variables left unbound by

7 (see Definition 6.1), at least one subgoal q§ <w ((,O{ (?;) )) € N, meaning qé-n (1/1 (go; (?;) )) €
negify (V). Assume, for the sake of contradiction, that this is not the case, i.e., there is some rule p; with
a binding ¢); such that qj (wz (got (Y ))) ¢ N for all j. Then, there is some dataset A* completing

(P, N) such that

meaning p (f) € A(pi, A*), a contradiction. By the program transformation (see Definition 5.3), it
is then clear that @15 (f) ye.., QRS (f) ¢ C(Q1,A) = Ay, meaning rn( ) = pn( ) € C(Q,Ay) =
Ay = ET (¢(Q), posify(P) U negify(N)). O
Theorem 6.3. For any ground tuple t, if rn () € E* (t(Q), posify(P) U negify(N)), then r (t) €
E~ (€, (P,N)).

Proof. Assume rn (t) € E* (t(2), posify(P) U negify(N)). If r is a base relation, ¢, then gn (f) €
negify(IN), meaning r () = ¢ () € N C E~ (Q, (P, N)).

If r is the view relation, p, then for all rules p; in Q and all bindings 1 of variables unbound
by the head, there is some subgoal q;- (?;) such that q§n (w (goi (7;))) € negify(N), meaning
q;'- (¢ (cpf (?3))) € N. Thus, for all datasets A completing (P, N), p (t) ¢ E* (Q,A) = C(Q, A),
meaning p ({) € E~ (Q,A). Thus,r (f) = p ({) € E~ (Q, (P, N)). O
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6.1.2. Positive Extensions

Since the proofs showing correctness for positive extensions are simpler versions of the analogous
proofs for negative extensions, we state this theorem without proof.

Theorem 6.4. For any ground tuple t, r(f) € E*(Q,(P,N)) if and only if rp () €
ET (4(92), posify(P) U negify(N)).

6.2. Complexity

We now turn our attention to the efficiency of our proposed algorithm. Specifically, we evaluate the
algorithm’s data complexity, which, in the context of incomplete datasets, we define to mean the worst-
case complexity of determining whether some ground atom p (f) is certainly true or false for some
fixed program €2, with respect to the size h of the Herbrand base H(A) of the dataset. First, recall that
the naive approach (see Section 3.6) requires evaluating €2 over each completion of (P, N). In the worst
case (e.g., P = N = @), the number of completions is exponential in h, meaning the naive algorithm
has data complexity Q(2"). Our algorithm is much more efficient.

Theorem 6.5. Our algorithm has polynomial time complexity in the size of the Herbrand base, with a
one-time dataset-independent program preprocessing step.

Proof. We carry out the dataset-independent program transformation step of our algorithm offline,
yielding ¢(€2). Processing an incomplete dataset (P, N) then involves two steps—transforming the
dataset (P, N) — posify(P) U negify(N) and querying ¢(2) on the transformed dataset. Since our
dataset transformation step simply involves marking each fact with a character, this step has linear
complexity in |P| + |N|. Note that |posify (P P| and |negify (N N|.
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7. Future Work

This transformation-based approach to reasoning with incomplete data in logic programming applies
to broader classes of programs than just UCQs,
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