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Logical Entaillment

A set of premises dgically entailsa contusion if and only if
every interpredtion that satisés the premises alssatisfes the
conclusion.



Herbrand Summary

Herbrand Method wrks for Basic Logic and Universal Logic,
but there an bemanyinterpretations.

Herbrand Method does noobik for Existential Logic.

Herbrand Method warks for Functional Logic, butnfinitely
many interpretations

Solution: Use formal proof!



Formal Proofs

A formal proofof ¢ fromAis a sequence &fentence
terminating ing in which ech item is either:

1. a premse (a member i)

2. an inganceof an axiom schema

3. the result ofapplying a rule oinf erencdo earlier items
In the sequence.



Old Rules of Inference

Modus PonengMP) Modus Tokens (MT)
o0y ¢ 0y
¢ ol
U gl

And Introduction (Al And Elimination (AE)
0 ¢ Uy
W ¢

¢ Oy Y



ldea for Universal Instantiation

(v .
olv 1]

Warning: This is not quite right.



Examples

[ly.hategjaney)
hategjanejill)
hategjanemothe(jane)

hategjaney)
hategjanez)

[Ix.Ly.hategx,y)

[iy.hategjaney)
[iy.hategy,y)

y jill

y — mothefjane)
y<y

Y2

Yy —Jane
Yy Wrong!!



Inappropriateness

A termt is inappropriatefor a variables in ¢ if and only ift
contains a variablg andtherdas some free occurnagce ofv Iin
¢ thatlies in the scope of a quamn@f of .

mothe(Xx) is inappropratefory in [x.hategx,y).



Substitutabllity

A termTt is substitutabléorv in ¢ if and only ifit is not
Inappropriate wh v in ¢.

Some texts say's freefory in ¢” instead of‘x is
substitutabledry in ¢”.

mothe(jane) is free foryin  hategjaney).

mothe(x) Isfree foryin  hategjaney).
mothe(x) Isfree foryin  [Zzhategzy).

mothe(x) isnotfree fory in [k.hategx,y).
mothe(x) Is free fory in (Ux.Oy.lovegx,y) U [zhategzy)).



Universal Instantiation

(v .§
¢lv 1]

wheret is free forv in ¢
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Existential Instantiation |

b
¢[v ~ 0]

where$ contains no free variabl
whereo is a new object constar
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Cy.p(y)
p(c)

Ly.y*y=0
1*1=0

Ly.y*y=x
C*C=X
c*c=4
c*Cc=6

Examples

Wrong!

Wrong!
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Existential Instantiation Il

b
o[V « (T4, T,)]

wheret,,..., T, are free inp
wherertis a new function conste
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Ly.y*y=x
f(X)*f (X)=x
f(4)*f(4)=4
f(6)*f(6)=6

Ly.y*y=x

Examples

sgri(x)* sqrt(x)=x

log(X)*log (X)=x

Wrong!
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Formal Proofs

A formal proofof ¢ fromAis a sequence &fentence
terminating ing in which ech item is either:

1. a premse (a member i)

2. an inganceof an axiom schema

3. the result ofapplying a rule oinf erencdo earlier items
In the sequence.

15



Example

Everybody loves somebodyeverybody loves a lover. Show
that Jack loves Jill.

[Ix.Ly.lovegx, y) Premise
Lu.Ov.0Ow. (lovegv,w) U lovegu,v)) Premise
Liy.lovegjill ,y) Ul:1
loveg jill, f(jill)) El:3

[v.Ow.(lovegv,w) O lovegjackyv)) Ul:2
(w.(lovedjill ,w) O loveqjack, jill)) Ul:5
loveg jill, f(jill)) O lovegjack jill) Ul :6
loveg jack, jill ) MP:.7,4

© N g~ WP
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Harry and Ralph

Every horse can auin every dog. Some greyhounds can
outrun every rabbitHarry is a horse. Rph is a rabbit. Can
Harry outrun Ralph?
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Harry and Ralph (continued)
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Harry and Ralph (continued)
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Standard Axiom Schemata

All generalizations* othe following:

I ¢ L (WO ¢)
D (U WO X)O (¢ 0w (@0 X))
CR: (=00 ¢)0 (~wD -¢)0 )

WO ¢)u (Wi -¢)0 -y

EQ: (¢ - )l (¢ U y)

¢ -wd WU ¢)

GUOwO WO ¢)U (9 = W)
oQ: (00 Y) - (WU ¢)

@ 0Y) = (=60 Y

¢ 0Y) « ~(=¢ 0-y)
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Standard Axiom Schemata (continued)

UD: Ov.(¢ 0 )0 (Ov.¢ U Ov.Y)

UG: ¢ U v.¢
wherev Is not free ing

Ul: (v.o O ¢[v 1]
wheret is free forv in ¢

ED: D\)(I) @—IDV.—I(I)

*A generalization ofp is Uv,...0v,.¢, for variablesy,,...,v,.
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Provabillity

A sentence is provablefrom a set osentenesA if and only
Iif there is a finite formal proofof ¢ from A using on{y Modus
Ponens and the standariban schemata.

Soundness Theorerti: ¢ is provabke from A, thenA logically
entails¢.

Completeness Theorem (Gojléf A logically entailsd, theng
IS provable fom A.
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Decidability

A classof questions$decidablaf and only ifthere is a
procedure such thavhen given as input any question in the

class,the procdure halts and say®sif the answr is posiive
andnoif the answr is negative.

Example: For any natural numhberdetermining whethar is
prime.
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Semidecidability

A classof questions$ semidecidabld iand only ifthereis a
procedure thehalts and saygesif the answr is postive.

Obvious Fact: If a class ofguestions is decidablé,is
semidecidable.
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Semidecidabllity of Logical Entailment

goal
kb
rules

proof <- kb

—]
Lgoatin pIof?

r <- choose(rules)
p <- choose(proof)
g <- choose(proof)
¢ <- apply(r,p,q)
proof <- proof|c
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Decidablility Not Proved

Note that w havenot shown thalogical entailnent for
Relational Logic is decidable.

The procedure may not halt.
p(x) U p(f(x))
p(f(f(a)))
p(f())?

Wecannot just run pr@ciure on negalesentence losause that
may not be logicallymplied either!

p(x) U p(f(x))

p(f(f(2)))

= p(f())?
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Undecidability of Logical Entaillment

MetatheoremLogical Entailment 6r Relational Logic isot

decidable.

Proof. Suppose there is a procedpréhat deles the question
of logical entailment. Its nputs aré) and¢.

o —

¢

p

Wecan encodéhe behavior oh machine and its inputs as
sentences anglawheher the machine halts as a dosmn.

Wha happens ifvegive this descriptn and question to? It

saysyes
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Undecidabillity (continued)

It IS possibk to construca larger machinp’ that entes an
Infinite loop if p saysyesand halts ifp saysno.

5 Nt
b
—

Halts

()

Wecan encoda description othis machine as a set of
sentences anglawheher the machine halts as a dason.

Wha happens ifvegive this descriptn and question o? If
p saysyes thenp’ runs forever, contradicting the hypatsis
thatp computes corregt If p saysno, thenp’ halts, once
again contradicting angwfromp. QED
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Closure

TheclosureS* of a setSof sentences Is the set of all
sentences logically entailed By

S={¢ [ =0}

Set of Sentencg Closure:
p(a) p(a)
pPO)L p(f(x)) p(f(a))

p(f(f(a)))

p(a) U p(i(a))
PO p(t(x))
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Theories

A theory Is a set ofentencgclosed under logal entailment,
l.e.T is a theory ifand only iIf T*=T.

A theoryT is finitely axiomatzableif and only ifthere is a
finite setA of sentences such thetA*.

A theoryT is completaf and only, r all ¢, either¢ T or
- ¢T.

Note: Not every theory is complete. Caei thetheory

consisting ofall consequences @(a,b). Does ths include
p(b,a)? Doest include-p(b,a)?
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Relationships on Theories

Decidable

Semidecidable Finitely Axiomatizable
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Arithmetization of Logical Entallment

The theory ofarithmetic is the set of bsentences trug the
natural numbers, @, +, *, and <.

Fact It is possble to assign numbers to sentences such that
(1) Every senterap is assgned a unique numbey.

(2) The question ological entailmenfA|=¢ can be expesed
as a numerical conditior{n,,n,).

Conclusion The thery of arithmetic is not decidable.
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Incompleteness Theorem

Metatheorem (Godellf A is a finite subset of the theory of
arithmetic, the\* is not complete.

Variant Arithmetic is not initely axiomatizable.

Proof. If there vere dinite axiomatization, then thiedory
would be decidable. &lnever, arithmetic is not decidable.
Therefore, there is noifiite axiomatization.
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Summary

Logical Entailment ér Relational Logic isamidecidable.
Logical Entailment 6r Relational Logic is1ot decidable.

Arithmetic is not finitely axiomatizable in Raltional Logic.
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