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Deduction

In deductionthe oncluson is true Wenever theremies are
true.

Premis:p
Conclusion:(p LIq)

Premie: p
Non-Concluson: (p L1 Q)

Premises:p, g
Conclusion:(p LIq)



Logical Entaillment

A set of premised) logicaly entaik a contusion ¢ (written as
A |=¢) if and only ifevery interprettion that satisés the
premises ao satisfes the conclusion.

{p}|=(UQg)
{p}|# (PUQq)

1p.a}|= (PUQ)



Truth Table Method

Wecan chekfor logical entament by comparing tables afl
possibk interpretions.

In the first table, eiminateall rows that do not saty
premises.

In the second table, elimate all rows thado not satisy the
conclusion.

If the remaining rows in therBt table ara subset ofhe
remaining rows in the second table, thenpiteenises logically
entail the conclusion.



Example

Doesp logically entalil p [1q)?
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Example

Doesp logically entail(p [1q)?

OOHI—“'O
O rr O IO

Does {p,q } logically entail(p [1q)?
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Problem

There can be many, many interpretatiomsdPropostional
Language.

Remember that,dr a language #h n constants, there ar2
possibe interpret@ons.

Sometines ther@are many constants among premises that are
Irrelevant to theanclusion. Much wastkwork.

Answer: Proo$



Patterns

A patternis a parameterized exps®n, I.e. an expression
satisfying the grammatical rules afur language expefor
the occurrece of neta-variables (Greek letsd in place of
various subparts ahe exprssion.

Sample Pattern:

o0 (WO 9)

Instance:
pl (g0 p)

Instance:
(POt (pOag 0 (p 1))



Rules of Inference

A rule of infereneis a rule ofreasoning consisting aine
set ofsentenc@atterns, callepremisesand a second set
of sentence fierns, calle@onclsions

o0y
$

{



Rule Instances

An instanceof a rule ofinf erencas a rule in which all meta-
variables have been consistently replacedxpyessionsn

such a \ay that & premises and conclusiorare syntetically
legal sentences.

raining J wet wetl] slippery
raining wet

wet slippery

pd (qd r) (pO g
P pl 9

qulr r
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Sound Rules of Inference

A rule of inference isoundif and only ifthe premises in any
iInstance otthe rule logically entalil the conclusions.

Modus PonengMP) Modus Tokens (MT)
JERU JERU
¢ ol
U gl
Equivalence Elimnation (EE) Double Negation (DN)
¢ =y il
JERU ¢

URERo
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Proof (Version 1)

A proofof a conclusion fom a set opremises$ a sequence
of sentences mminating in the conltision in which edt
item is either:

1. a premse

2. the result ofapplying a rule ofnf erencdo earlier itemsmn
seqguence.
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Example

Whaen it is raining, the ground isvet. Whenhe ground is wet
it is slippery. Itis raining. Prove that it islgppery.

1. rainingd wet Premise
2. wetl] slippery Premise
3. raining Premise
4. wet MP:1,3
5.

slippery MP: 2,4
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Error

Note: Rules ofinf erene apply only to top-level sentences in a
proof. Sonmetimes works but sometimeails.

1. rainingd cloudy Premise
No! 2. rainingd wet Premise No!
3. cloudyd wet MP: 1,2
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Example

Heads you wa. Tails | lose. Suppose the coin comes up
tails. Show hat you wn.
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Premise
Premise
Premise
Premise
Premise
MP: 2,5
EE: 4

EE: 4

MP:8,6
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Axiom Schemata

Fact: If a sentereis vald, then it is true under all
Interpretabns. Consequently, there should be a praathout
making any assuptions at all.

Fact: U (g p))is avald sentence
Problem:Prove p 0 (qU p)).

Solution: Weneed some rules ofiference whout premises to
get starte.

An axiom schem#s sentence paitn construed as a rule of
Inf erenceavithoutpremises.
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Rules and Schemata

Axiom SchematasaRules ofinf erence

¢ 0 (WU 9) o0 WOo)

Rules ofInf erenceas AxiomSchemata

o0y

Y oy el -9)
~¢

Note: Of course, wenust keep a least one ruleioferenced
use the schematd#y conventionwe retain Modus Ponens.
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Valid Axiom Schemata

A valid axiom schems a sentence ggatn denoting an imhite
set ofsentence all of which arevalid.

o0 (WU ¢)

18



Il :
ID:

CR:

EQ:

OQ:

Standard Axiom Schemata

o0 (WO 9)
@0 WOx)O (60 wd (60 X))

(¢ O

¢)0 (=0 -9¢) 0 Y)

WO o)t (W =¢) 0 ~y)

CIECHU) R (CRERT)
@ -0 Wl ¢)

(¢ 0y

)0 (WO 9)T (¢ = W)

GUw) - WU ¢)
@ 0Y) = (=60 Y
@ 0Y) = ~(=¢0-y)
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Wheneverp is true,q is true. Wheneveg s true,r Is true.

Sample Proof

Prove that, Wenevep is true,r Is true.

N o o bk WP

p0U q

gqUr

(O r)td (p0O (qO r))

pU (qU r)

(PO (qU ) (pE g0 (pU 1))
(PO g (pO 1)

pLlr

Premise
Premise
|l

MP: 3,2
ID
MP:5,4
MP:6,1
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Proof (Official Version)

A proofof a conclusion fom a set opremises$ a sequence
of sentences mminating in the conltision in which edt
item is either:

1. a premse
2. An instance of an axionchema

3. the result ofapplying a rule ofnf erencdo earlier itemsn
seqguence.
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Provabillity

A conclusion s said to berovablefrom a set opremises
(written A |- ¢) if and only ifthere is a ihite proofof the

conclusion fom the premises usg only Modus Bnens and the
Standard Axiom Schemata.

22



Soundness and Completeness

Soundness: Or proofsystem issound i.e. if the conlusion is
provable fom the premiseghen the pmaises propositionaif
entalil the conclusion.

Al-¢)0 Al=9)

Completeness: (@ proofsystem iscompletei.e. if the prenises
propositionaly entail the conclusion, then the conclusion is
provable fom the premises.

Al=¢p)0 @A l-9)
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Truth Tables and Proofs

The truth table method anuetproofmethod succeed in ety
the same cases.

On large problemghe proofmethod ofen t&es fewer steps
than theruth table method. Howewen the verst case, the
proof method may take juss anany or nore steps to find an
ansver as the truthable method.

Usually, proofs are much smaller than the corresponding truth

tables. So writing an argument to convindeeos does not take
as much space.
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Metatheorems

Deduction TheoremA |- (¢ T ) if and only ifAL{} |- .

Equivalence Theoren& |- (¢ = ) andA |-¥, then it isthe
case thah |-X,._y-
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Proof Without Deduction Theorem

Problem:{pU g,qU r} |- (pU r)?

N o o bk WP

p0U q

gqUr

(O r)td (p0O (qO r))

pU (qU r)

(PO (qU ) (pE g0 (pU 1))
(PO g (pO 1)

pLlr

Premise
Premise
|l

MP: 3,2
ID
MP:5,4
MP:6,1
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Proof Using Deduction Theorem

Problem:{pU g,qU r} |- (pU r)?

g bk~ DN PE

pl q Premise

qulr

P

g
r

Premise
Premise
MP:1,3
MP:2,4
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TA Appeasement Rules

When weask you tsshowthat something is true, youay use
metatheomas.

When weask you to give formal proof it means you should
write out the emte proof.

When weask you to give adrmal proofusingcertan rules of
Inf erenceor axiom schematat means you should do so ogi
only those rules oinference iad axiom €hematand no
others.
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